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Abstract
We consider the Regge limit of a CFT correlation function of two vector and two scalar
operators, as appropriate to study small-x deep inelastic scattering in N = 4 SYM or in QCD
assuming approximate conformal symmetry. After clarifying the nature of the Regge limit for
a CFT correlator, we use its conformal partial wave expansion to obtain an impact parameter
representation encoding the exchange of a spin j Reggeon for any value of the coupling constant.
The CFT impact parameter space is the three-dimensional hyperbolic space H3, which is the im-
pact parameter space for high energy scattering in the dual AdS space. We determine the small-x
structure functions associated to the exchange of a Reggeon. We discuss unitarization from the
point of view of scattering in AdS and comment on the validity of the eikonal approximation.
We then focus on the weak coupling limit of the theory where the amplitude is dominated
by the exchange of the BFKL pomeron. Conformal invariance fixes the form of the vector
impact factor and its decomposition in transverse spin 0 and spin 2 components. Our formalism
reproduces exactly the general results predict by the Regge theory, both for a scalar target and
for γ∗ − γ∗ scattering. We compute current impact factors for the specific examples of N = 4
SYM and QCD, obtaining very simple results. In the case of the R-current of N = 4 SYM, we
show that the transverse spin 2 component vanishes. We conjecture that the impact factors of
all chiral primary operators of N = 4 SYM only have components with 0 transverse spin.
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1 Introduction
The QCD Regge limit of high center of mass energy, with other kinematical invariants kept fixed
and larger than ΛQCD, is greatly simplified by the smallness of the coupling and the approximate
conformal invariance of the theory. This is the case in deep inelastic scattering (DIS) experiments
in the limit of vanishing Bjorken x, at fixed and large photon virtuality Q2 with Q  ΛQCD. In
this case the important observable that contains information regarding the scattering process is the
correlation function
Aab(yi) =
〈
ja(y1)O(y2)jb(y3)O(y4)
〉
, (1)
where ja is a vector operator of dimension ξ, given in QCD by the quark electromagnetic current
operator ja = ψ¯γaψ, of dimension ξ = 3. The scalar operator O of dimension ∆ creates a state
that represents the target hadron.
Although αs is small for large photon virtualities, in low x DIS one still needs to resum many
diagrams because of the kinematical enhancement in ln(1/x), so that, in this sense, the dynamics is
still strongly coupled. For instance, the power like growth in 1/x of the cross section is determined
by the exchange of a pomeron [1–3] between the quark dipole created by the photon [4] and the
target hadron, which resums diagrams of the order of (αs ln(1/x))
n. This growth breaks unitarity
and leads to gluon saturation in the target hadron structure functions [5–11], which for large Q still
occurs for small coupling αs [12]. In this kinematical regime of approximate conformal symmetry,
a proposal for restoring unitary of the amplitude was given in [13], based on a conformal phase
shift derived from the dual strong coupling picture as a scattering process in AdS space [14–18].
At weak coupling, the growth of the imaginary part of the conformal phase shift leads in general
to saturation, giving a prediction for the data inside the saturation region, where at present the
resumation of Feynman diagrams is not under control, as shown in detail in [13] for external scalar
operators. This paper develops the necessary techniques to include photon polarization in this
analysis.
We will assume throughout conformal invariance and we will write the general form of the
correlator (1) in the planar limit, exploring its CFT Regge limit, as dictated by conformal symmetry
and for any value of the ’t Hooft coupling. To define an effective hadron in the conformal theory, we
shall then consider the above correlation function in momentum space with a spacelike momentum
for the operator O with virtuality Q¯2 set by ΛQCD. To make conformal invariance manifest, it
is useful to apply different conformal transformations, yi → xi, to each of the external points in
the correlator [19]. Then the CFT Regge limit corresponds simply to taking small xi’s. These
new coordinates can be understood by realizing the conformal symmetry on a dual AdS space,
where they correspond to parametrizing each external point close to the origin of different Poincare´
patches. Then, defining x ≈ x1−x3 and x¯ ≈ x2−x4, we will show that the contribution of a Regge
pole to the amplitude has the form
Amn(x, x¯) ≈ −2pii
4∑
k=0
∫
dν
αk(ν)Dmnk Ωiν(x, x¯)
(x2)ξ+
j(ν)−1
2 (x¯2)∆+
j(ν)−1
2
,
where j(ν) is the spin of the Reggeon and αk(ν) are the corresponding residues. The tensor structure
of the amplitude is fixed by conformal invariance and is best expressed in terms of four differential
operators Dmnk of the variable x acting on a function Ωiν(x, x¯), as we shall explain. We will then
be able to write the contribution of a Regge pole to the structure functions of the target hadron
in terms of the spin j(ν) and residues αk(ν). This analysis is carried in section 2, while the more
technical derivation of the general form of the correlator (1) in a CFT is presented in section 3.
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The general form of the amplitude (1) in a CFT for any value of the coupling constant is also
relevant to the strong coupling regime of DIS, to the extent that one considers graviton exchange
in the dual AdS space and breaks conformal invariance by simulating confinement with the hadron
wave function [20–26]. Other ways of simulating confinement at strong coupling in DIS include the
hard and soft wall models [27–30].
At high energies the kinematics of the external operators breaks the full conformal group to the
residual transverse conformal group SO(3, 1) that acts on the two-dimensional space R2 transverse
to the scattering plane. We explore this residual symmetry in the weak coupling regime, where the
amplitude is dominated by the exchange of a hard pomeron of spin 1. In this limit the amplitude
factorizes as the product of the BFKL propagator F [1–3] times impact factors V mn and V¯ , all
integrated over transverse space. More precisely, defining a reduced amplitudeAmn = (x2ξx¯2∆)Amn,
we will see that the amplitude has the following form
Amn(x, x¯) ≈− 1
N2
∫
R2
dz1⊥dz3⊥
(z1⊥ − z3⊥)4
dz2⊥dz4⊥
(z2⊥ − z4⊥)4
V mn(x, z1⊥, z3⊥) F (z1⊥, z3⊥, z2⊥, z4⊥) V¯ (x¯, z2⊥, z4⊥) ,
generalising previous results for external scalar operators [31]. We shall then focus on the vector
impact factor, which can in general be written as a linear combination of five given conformal tensor
structures Imnk , with coefficients depending on a single cross ratio u. The most natural basis, given
by a decomposition in conformal transverse spin, has four components with transverse spin 0 and
one with transverse spin 2. With this decomposition, and with the decomposition of the BFKL
propagator in transverse conformal blocks of definite spin [32], it is simple to relate the above
BFKL and Regge forms of the amplitude, therefore determining the residues αk(ν). In this case
only the four transverse spin 0 components of the vector impact factor survive, because the spin
2 component has no overlap with the impact factor of the scalar operator O associated with the
target. This analysis is done in section 4.
We also extend the above results to the four-point function of the current operator ja, relevant to
the study of γ∗−γ∗ scattering in the Regge limit [33,34]. In this case one does not need to introduce
any scale near ΛQCD, since we are probing the QCD vacuum with point like sources. The spin 2
component of each impact factor contributes to this amplitude and we derive the corresponding
contribution to the Regge form of the amplitude, valid for any value of the coupling constant. The
strong coupling limit, in the case of the R-current operator of N = 4 SYM, was studied in [35] using
the dual gravity description.
Finally, in section 5 we show how to compute impact factors in leading order in perturbation
theory. In particular we compute the current impact factors for QCD with a massless quark.
Conformal invariance restricts considerably the form of this impact factor to a very simple form
given in equation (82) bellow.
Another motivation for our work is to consider N = 4 SYM and the AdS/CFT duality [36]. In
this context conformal invariance, and therefore the general form derived for the correlation function
(1), as well as its form in the Regge limit, are exact. The spin of the Regge trajectory varies from 1
to 2, corresponding to the pomeron trajectory at weak coupling and to the AdS graviton trajectory
at strong coupling [37]. More precisely, it is the transverse spin 0 component of the pomeron that
becomes the graviton trajectory at strong coupling. By computing, at weak coupling, the impact
factor for the R-current operator [38], we show that its transverse spin 2 component vanishes. The
computation leading to this result is quite elaborate. We expect that this cancelation is related to
supersymmetry. In fact, since at strong coupling the graviton trajectory only contains the transverse
spin 0 component of the pomeron trajectory, it is natural to expect that this holds for the all the
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Figure 1: Conformal compactification of the (y+, y−) Minkowski plane. The Regge kinematics
corresponds to having all points close to null infinity.
operators that are dual to the supergravity multiplet. This result leads us to conjecture that half-
BPS single-trace operators in N = 4 SYM have impact factors without transverse conformal spin.
We shall comment on this conjecture and give some open questions in the concluding section 6.
2 Regge kinematics in CFTs
Consider the correlation function (1) in momentum space with external momenta ki. The Regge
limit is usually described as the limit
s = −(k1 + k2)2 →∞ ,
with t = −(k1 + k3)2 and k2i fixed. However, to make the conformal symmetry manifest, it is more
convenient to define the Regge limit in position space. In the case of the four point function (1),
the Regge limit corresponds to the limit where the points yi are sent to null infinity, as described
in [19] for scalar operators. Defining light-cone coordinates in four dimensional Minkowski space
M4 by
y = (y+, y−, y⊥) ,
where y⊥ is a point in transverse space R2, this limit is attained by sending
y+1 → −∞ , y+3 → +∞ , y−2 → −∞ , y−4 → +∞ ,
while keeping y2i and yi⊥ fixed, as represented in figure 1.
It is instructive to visualize the operator insertions at the positions yi on the boundary of global
AdS, where by the AdS/CFT duality they act as sources for an AdS scattering process. We take
the original M4 as the central Poincare´ patch in figure 2(b). Then, in the Regge limit, each yi tends
to the origin of a different Poincare´ patch in the boundary of global AdS , which overlaps with
the central patch as shown in figure 2(a). The Regge limit of the correlation function (1) is best
described parametrizing the position of each operator using different Poincare´ patches, so that the
operators are always close to the origin of their patch [19]. Using several coordinate patches is a
natural procedure in any CFT where, to define local operators, one needs a local coordinate system
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Figure 2: (a) Conformal compactification of the (y+, y−) Minkowski plane and its relation to the
Poincare´ patches Pi. In the Regge limit the insertion points xi approach the origin of the Poincare´
patches Pi. The vertical dashed lines are identified in the boundary of AdS. (b) The yi Minkowski
plane is shown as the central Poincare´ patch on the boundary of global AdS. The other patches are
also represented.
with a metric, but this choice of coordinate system may be different for each operator. This picture
works both for Euclidean and Lorentzian signatures.
To find a new parametrization of the correlation function (1) we consider the conformal trans-
formation1
xi = (x
+
i , x
−
i , xi⊥) = −
1
y+i
(
1, y2i , yi⊥
)
, i = 1, 3 , (2)
that maps the points y1 and y3 into the Poincare´ patches P1 and P3, respectively. As intended, in the
Regge limit the points x1 and x3 approach the origin of P1 and P3. We remark that the conformal
transformation (2) is discontinuous, mapping points with negative y+ to points with positive x+ in
P1, and points with positive y+ to points with negative x+ in P3. The metric transforms according
to
−dy+dy− + dy2⊥ =
1
(x+)2
(−dx+dx− + dx2⊥) .
For the points y2 and y4 we consider instead the conformal transformation
xi = (x
+
i , x
−
i , xi⊥) = −
1
y−i
(
1, y2i , yi⊥
)
, i = 2, 4 . (3)
This transformation maps y2 and y4 into the Poincare´ patches P2 and P4, respectively. Again, the
points x2 and x4 approach the origin in the Regge limit.
We shall study the limit xi → 0 of the correlation function
Amn(xi) = 〈jm(x1)O(x2)jn(x3)O(x4)〉 ,
where the coordinates xi parametrize the Poincare´ patches Pi. The original correlator Aab(yi)
can be obtained by a simple conformal transformation. This requires taking into account the
1There is an implicit length scale in this transformation that makes xi dimensionless.
6
transformation rule for spin 0 and spin 1 primary operators,
O(y) =
∣∣∣∣∂x∂y
∣∣∣∣∆d O(x) , ja(y) = ∣∣∣∣∂x∂y
∣∣∣∣ ξ+1d ∂ya∂xm jm(x) ,
where d is the spacetime dimension. The Jacobian of the transformation (2) is |y+|−d, while the
transformation (3) has Jacobian |y−|−d. Thus,
Aab(yi) = (−y+1 y+3 )−1−ξ(−y−2 y−4 )−∆
∂ya1
∂xm1
∂yb3
∂xn3
Amn(xi) . (4)
The xi coordinate systems are very convenient to explore the Regge limit of the correlator,
while keeping the conformal symmetry manifest. Let us consider the action of a translation in the
Poincare´ patch P1 (or P3),
x1 → x1 + a , x3 → x3 + a .
It corresponds to a special conformal transformation in the Poincare´ patch P2 (or P4),
x2 → x2 + x
2
2 a
1 + 2x2 · a+ a2x22
, x4 → x4 + x
2
4 a
1 + 2x4 · a+ a2x24
.
In order to preserve the Regge limit, the translation parameter a must be small. More precisely, we
must consider a of the same order as xi. Therefore, points x2 and x4 are left invariant to leading
order in the Regge limit. We conclude that the action of a small translation in the Poincare´ patch
P1 is given by
x1 → x1 + a , x3 → x3 + a , x2 → x2 , x4 → x4 . (5)
Similarly, a small special conformal transformation in the Poincare´ patch P1 yields
x1 → x1 , x3 → x3 , x2 → x2 + b , x4 → x4 + b . (6)
Lorentz transformations SO(3, 1) of the Poincare´ patch P1 act as Lorentz transformations in all the
four patches Pi,
xi → Λxi . (7)
This SO(3, 1) acts on the yi transverse space R2, with coordinates yi⊥, as the conformal group2.
Finally, dilations in the Poincare´ patch P1 give
x1 → λx1 , x3 → λx3 , x2 → x2
λ
, x4 → x4
λ
. (8)
This transformation is a SO(1, 1) boost in the (y+, y−) plane. We now wish to construct invari-
ants under the conformal transformations (5)-(8). The transformations (5) and (6) show that the
correlator Amn(xi) only depends on the combinations
x ≈ x1 − x3 , x¯ ≈ x2 − x4 . (9)
2This SO(3, 1) is also the isometry group of the three-dimensional hyperbolic space H3, which is the transverse
space of the dual AdS scattering process.
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Moreover, we can write the only two independent invariants as
σ2 = x2x¯2 , cosh ρ = − x · x¯|x||x¯| , (10)
so that the Regge limit corresponds to sending σ → 0 with ρ fixed.
An alternative but less intuitive way to derive this result is to consider the standard cross ratios
of the original correlator,
zz¯ =
y13y24
y12y34
, (1− z)(1− z¯) = y14y23
y12y34
,
where yij = (yi − yj)2. We may now perform the conformal transformations on the yi to express
the cross ratios in terms of the xi. In the above Regge limit, a simple computation shows that
zz¯ = x2x¯2 , z + z¯ = −2x · x¯ ,
with x and x¯ given by (9). We conclude that σ and ρ are just a convenient parametrization of the
two conformal invariants z and z¯.
To simplify our exposition we shall often assume that y13 > 0 and y24 > 0. This implies that both
x and x¯ are future directed timelike vectors. These conditions are not essential to our discussion
and could be dropped.
2.1 Relation to scattering amplitude
The usual discussions of the Regge limit consider the scattering amplitude
(2pi)d δ
(∑
kj
)
i T ab(kj) =
∫ 4∏
j=1
dyj e
ikj · yj Aab(yj) . (11)
We now wish to relate the Regge behavior of the correlation function Amn(x, x¯) with this more
common approach. To that end, it is convenient to introduce the Fourier transform
Amn(x, x¯) =
∫
dp dp¯ e−2ip ·x−2ip¯ · x¯Bmn(p, p¯) . (12)
We shall see in section 3.3 that the contribution of a Regge pole j(ν) to the four point function can
be written as
Amn(x, x¯) ≈ −2pii
∫
dν
∑4
k=0 αk(ν)Dmnk Ωiν(ρ)
(x2 − ix)ξ+
j(ν)−1
2 (x¯2 − ix¯)∆+
j(ν)−1
2
, (13)
where the differential operators Dmnk depend only on x and are given by
Dmn1 = ηmn −
xmxn
x2
,
Dmn2 =
xmxn
x2
, (14)
Dmn3 = xm∂n + xn∂m ,
Dmn4 = x2∂m∂n + (xm∂n + xn∂m)−
1
3
(
ηmn − x
mxn
x2
)
x2x .
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with ∂m =
∂
∂xm
. The functions Ωiν(ρ) are a basis of harmonic functions on the unit 3-dimensional
hyperbolic space H3. The coefficients αk(ν) and the spin j(ν) encode the dynamical information
of the correlation function. The i-prescription, x =  sgnx
0, is the appropriate one [39,40] for the
propagator between x1 in the Poincare´ patches P1 and x3 in P3 (and similarly between points in
P2 and P4).
We compute the Fourier transform Bmn(p, p¯) of (13) in appendix A. The i-prescription in (13)
implies that Bmn(p, p¯) only has support on the future light-cones. The result for future directed
timelike vectors p and p¯ can be written as
Bmn(p, p¯) =
Bmn(p, p¯)
(−p2) d2−ξ(−p¯2) d2−∆
,
with Bmn given by
Bmn(p, p¯) ≈ 2pii
∫
dν Sj(ν)−1
4∑
k=0
βk(ν) Dˆmnk Ωiν (L) , (15)
where
S = 4|p||p¯| , coshL = − p · p¯|p||p¯| . (16)
The differential operators Dˆmnk have the same form as in (14) but now depend on p,
Dˆmn1 = ηmn −
pmpn
p2
,
Dˆmn2 =
pmpn
p2
,
Dˆmn3 = pm∂ˆn + pn∂ˆm ,
Dˆmn4 = p2∂ˆm∂ˆn +
(
pm∂ˆn + pn∂ˆm
)
− 1
3
(
ηmn − p
mpn
p2
)
p2p .
with ∂ˆm =
∂
∂pm
. The coefficients βk(ν) are linear combinations of the αk(ν), as given explicitly in
appendix A.
Using (4) and (12) we can write the scattering amplitude (11) as follows
(2pi)d δ
(∑
kj
)
i T ab(kj) =
∫
dp dp¯Bmn(p, p¯) (17)∫ 4∏
j=1
dyj e
ikj · yj (−y+1 y+3 )−1−ξ(−y−2 y−4 )−∆
∂ya1
∂xm1
∂yb3
∂xn3
e−2ip ·x−2ip¯ · x¯ .
To compute the integrals in the second line we consider the Regge kinematics in momentum space,
k1 · y1 = −ω1y−1 +
k21
4ω1
y+1 , k3 · y3 = ω3y−3 −
k23 − q2⊥
4ω3
y+3 − q⊥ · y3⊥ ,
k2 · y2 = −ω2y+2 +
k22
4ω2
y−2 , k4 · y4 = ω4y+4 −
k24 − q¯2⊥
4ω4
y−4 + q¯⊥ · y4⊥ ,
9
with ωi →∞. With this choice the momentum conserving delta-function becomes
δ
(∑
kj
)
≈ 1
2
δ(ω1 − ω3) δ(ω2 − ω4) δ(q⊥ − q¯⊥) ,
and the Mandelstam invariants are given by s ≈ 4ω1ω2 and t = −q2⊥. In this limit, the integral
is dominated by the position space Regge kinematics of small xi, which corresponds to large and
positive −y+1 , y+3 , −y−2 and y−4 with fixed y2i and y2i⊥. Therefore, we can use equation (9) to factorize
the integrals in the second line of (17). Moreover, we can restrict the y integrals to positive −y+1 ,
y+3 , −y−2 and y−4 .
It is also convenient to parametrize p = E e and p¯ = E¯ e¯ with E and E¯ positive and e and e¯
points in 3-dimensional hyperbolic space,
e =
1
r
(
1, r2 + e2⊥, e⊥
)
, e¯ =
1
r¯
(
1, r¯2 + e¯2⊥, e¯⊥
)
. (18)
In the new coordinates pµ = (E, r, e⊥) the reduced amplitude B has components
Bµτ =
∂pµ
∂pm
∂pτ
∂pn
Bmn .
Then a simple computation shows that the amplitude T ab(kj) in (17) has the form
i T ab(kj) ≈ 2s
∫
dl⊥eiq⊥ · l⊥
∫
dr
r3
dr¯
r¯3
F a1µ(r)F
bτ
3 (r)F2(r¯)F4(r¯)Bµτ (S,L) , (19)
where
S = rr¯s , coshL =
r2 + r¯2 + l2⊥
2rr¯
and l⊥ = e⊥ − e¯⊥ is the standard impact parameter in the field theory.
In the representation (19), the scattering amplitude T ab(kj) is written in terms of the CFT
reduced amplitude Bµτ (S,L), of scalar functions F2 and F4 associated with the operator O and of
tensor functions F a1µ and F
b
3 τ associated with the vector operator j
a. This conformal representation
is quite natural from the dual AdS scattering process point of view, with transverse space given
by the hyperbolic space H3, whose boundary is the field theory transverse space R2. In the AdS
picture the functions Fi are the radial part of the wave functions of the dual fields and the quantities
S and L are, respectively, the AdS generalization of the energy squared and impact parameter of
the associated geodesics. The functions F4 and F3 are defined respectively by
3∫
dy4 (y
−
4 )
−∆ eik4 · y4+2ip¯ ·x4 = 2√pi δ(r¯ω4 − E¯) E¯1−∆eiq¯⊥ · e¯⊥F4(r¯) ,
and
∂pn
∂pτ
∫
dy3 (y
+
3 )
−1−ξ ∂yb3
∂xn3
eik3 · y3+2ip ·x3 = 2√pi δ(rω3 − E)E1−ξe−iq⊥ · e⊥F b3 τ (r) ,
with similar expressions for F2 and F1. They can be expressed explicitly in terms of Bessel functions
as shown in appendix A.1.
3More precisely, we restrict the integration region to y−4 , y
+
3 > 0 because this is the dominant region in the Regge
limit.
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2.2 Structure functions
We now consider the special case of a conserved current with ξ = 3 in d = 4. Conservation means
that the Fourier transformed amplitude Bmn satisfies
pmBmn(p, p¯) = pnBmn(p, p¯) = 0 .
From (15) we see that this condition implies β2(ν) = β3(ν) = 0. In the coordinate system p
µ =
(E, r, e⊥), conservation gives simply BEµ = 0. It is then natural to use the indices µˆ and τˆ to
denote only the directions tangent to the hyperboloid parametrized by e, as given in (18). Using
this notation, the Regge form of the reduced amplitude (15), can be written in the geometrical form
Bµˆτˆ ≈ 2pii
∫
dν Sj(ν)−1
[
β1(ν)δ
µˆ
τˆ + β4(ν)
(
∇µˆ∇τˆ − 1
3
δµˆτˆ
)]
Ωiν (L) , (20)
with ∇µˆ the Levi-Civita connection on the hyperboloid and hated indices are raised and lowered
with the H3 metric.
The structure functions are directly related to the forward scattering amplitude, with kinematics
k1 = −k3 and k2 = −k4. We also take k21 = k23 = Q2 to be the photon virtuality and k22 = k24 =
Q¯2 > 0 to simulate confinement, as explained in the introduction. The Bjorken variable is
x = − Q
2
2k1 · k2 ≈
Q2
s
.
As usual, Lorentz invariance and conservation restricts T ab to the form
T ab =
(
ka1k
b
1
k21
− ηab
)
Π1 − 2x
Q2
(
ka2 +
ka1
2x
)(
kb2 +
kb1
2x
)
Π2 .
In the Regge limit explained above (x 1) we have
T ij = −δijΠ1 , T++ ≈ (2ω1)
2
Q2
(
Π1 − 1
2x
Π2
)
,
where the Latin indices i and j run over the transverse space R2 directions.
To determine the structure functions from expression (19) we need the following integrals4∫
dl⊥
(
∇i∇j − 1
3
δij
)
Ωiν(L) = −δij
(
1
3
+ r∂r
)∫
dl⊥Ωiν(L) ,∫
dl⊥
(
∇r∇r − 1
3
)
Ωiν(L) =
(
(r∂r)
2 − 1
3
)∫
dl⊥Ωiν(L) ,∫
dl⊥Ωiν(L) =
1
4pi
(
r1−iν r¯1+iν + r1+iν r¯1−iν
)
.
We can then write
T ij ≈ 2pi
∫
dν 2s
∫
dr
r3
dr¯
r¯3
F2(r¯)F4(r¯)F
i
1 k(r)F
j
3 l(r) δ
klr2
(rr¯s)j(ν)−1
[
β1(ν) +
(
iν − 4
3
)
β4(ν)
]
1
2pi
r1−iν r¯1+iν , (21)
T++ ≈ 2pi
∫
dν 2s
∫
dr
r3
dr¯
r¯3
F2(r¯)F4(r¯)F
+
1 r(r)F
+
3 r(r) r
2
(rr¯s)j(ν)−1
[
β1(ν) +
(
2
3
− 2iν − ν2
)
β4(ν)
]
1
2pi
r1−iν r¯1+iν ,
4The last integral is subtle, but it can be defined as the zero momentum limit of the two dimensional Fourier
transform of Ωiν .
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where we used the invariance βk(−ν) = βk(ν) and j(−ν) = j(ν). Finally, using the explicit
expressions for the functions Fi given in appendix A.2, we can perform the integrals over r and r¯
to obtain the Regge representation of the structure functions
Π1 ≈ Q¯2∆−6
∫
dν γ1(ν) x
−j(ν)
(
Q
Q¯
)iν+j(ν)
,
Π1 − 1
2x
Π2 ≈ Q¯2∆−6
∫
dν γ2(ν) x
−j(ν)
(
Q
Q¯
)iν+j(ν)
, (22)
where γ1(ν) and γ2(ν) are given explicitly in appendix A.2 in terms of β1 and β4. The structure
functions are then given by the imaginary part of Π1 and Π2.
2.3 Unitarization
When j(ν) is greater than 1 the scattering amplitude (19) grows too quickly with energy and violates
unitarity. We shall address this issue in N = 4 SYM where conformal invariance is exact and we
have a good strong coupling description using AdS/CFT. At strong coupling and to leading order
in the planar expansion, the high energy behavior of the scattering amplitude is dominated by one
graviton exchange, which gives j(ν) = 2 and strongly violates unitarity. In this regime, unitarity is
recovered by including multiple graviton exchanges in the eikonal approximation [16,17].
Let us focus on the more relevant case of conserved currents (ξ = d − 1). In the bulk, we are
considering elastic scattering of a scalar particle and a gauge boson. The physical polarizations
of the gauge boson, which we label with µˆ, τˆ , are the directions along the (d − 1)-dimensional
hyperboloid transverse to the scattering plane. Then, the eikonal approximation in AdS gives rise
to (19) with Bµˆτˆ (S,L) replaced by
N
[
eiχ(S,L)
]µˆ
τˆ
,
where χµˆτˆ (S,L) is the phase shift matrix for the scattering process in AdS and N is a normalization
constant that we shall fix below. Then the correlation function has the form
Amn(x, x¯) = N
∫
M
dp dp¯
e−2ip ·x−2ip¯ · x¯
(−p2)1− d2 (−p¯2) d2−∆
∂pm
∂pµˆ
∂pn
∂pτˆ
[
eiχ(S,L)
]µˆ
τˆ
, (23)
where the integration is over future directed vectors (Milne wedge). We recall that in the AdS
process the quantities S and L given in (16) are, respectively, the generalization of the energy
squared and impact parameter of the associated geodesics. The constantN can be fixed by matching
the disconnected correlator with zero phase shift,
〈jm(x1)jn(x3)〉 〈O(x2)O(x4)〉 = N
∫
M
dp dp¯
e−2ip ·x−2ip¯ · x¯
(−p2)1− d2 (−p¯2) d2−∆
∂pm
∂pµˆ
∂pn
∂pµˆ
.
The integrals over p and p¯ factorize and can be done explicitly (see appendix B of [16]). Using
∂pm
∂pµˆ
∂pn
∂pµˆ
= ηmn − p
mpn
p2
,
and the normalization of the external operators
〈O(x2)O(x4)〉 = 1(
x¯2 − ix¯
)∆ , 〈jm(x1)jn(x3)〉 = x2ηmn − 2xmxn(
x2 − ix
)d , (24)
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we obtain
N = 4pi
2−d(d− 2)
Γ (d) Γ
(
d
2
)
Γ (∆) Γ
(
∆− d2 + 1
) .
We can also determine the phase shift associated to the exchange of a Reggeon by matching
equation (20) to the second term in the expansion of the exponential eiχ, with the result
χµˆτˆ (S,L) ≈
2pi
N
∫
dν Sj(ν)−1
[
β1 (ν) δ
µˆ
τˆ + β4(ν)
(
∇µˆ∇τˆ − 1
3
δµˆτˆ
)]
Ωiν (L) .
This is a phase shift of order 1/N2 in ’t Hooft’s expansion and therefore corresponds to a tree level
process in the dual string theory. In other words, the exponentiation of this phase shift corresponds
to the eikonal approximation in AdS where the external states scatter elastically by the exchange of
multiple soft Reggeons (the graviton at strong coupling and the hard pomeron at weak coupling).
Let us now comment on the validity of this approximation.
We shall analyze this issue by considering large and fixed S and decreasing the impact parameter
L. The spirit will be similar to the discussion [41] of high energy scattering in flat space. In units
where the AdS radius is 1, and for AdS impact parameter L  1, the Reggeon phase shift is
approximately given by
χ ∼ b
N2
Sj0−1 e−aL (25)
where a, b and j0 > 1 are functions of the ’t Hooft coupling g
2. At weak coupling, this generic form
can be obtained by a saddle point approximation to the integral over ν. At strong coupling, the
same generic form describes the contribution of the gravi-reggeon dominant pole (j0 = 2−O(1/g))
at large impact parameter. The parameter a is of order 1 both at weak and strong coupling. We
also assume that S is large enough so that the phase shift can become large for some L  1. We
have dropped the index structure and powers of L and logS because they are not important for the
argument we want to make.
At very large impact parameter L, the phase shift is very small and the scattering amplitude
is dominated by single Reggeon exchange. Then, as we decrease the impact parameter, there are
three important transitions. The first transition corresponds to the eikonal exchange of multiple
Reggeons. The impact parameter where this process becomes important can be estimated by
χ(S,Leik) ∼ 1 .
The second transition corresponds to tidal excitation of the scattering strings. When the tidal forces
induced by one string on the other become stronger than the string tension, the string can change
their internal state. This crossover can be estimated by the condition
∂2χ
∂L2
(S,Ltid) ∼ string tension ∼ g .
The third transition corresponds to the breakdown of the eikonal approximation when the momen-
tum transfer ∼ ∂Lχ is of order or greater than the center-of-mass energy ∼
√
S,
∂χ
∂L
(S,Lbh) ∼
√
S .
In flat space, this condition corresponds to black hole formation for impact parameters smaller that
the Schwarzschild radius associated with the total energy of the scattering process. The eikonal
approximation breaks down for L < Ltid or L < Lbh.
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Using the approximation (25) we obtain
Leik ∼ 1
a
log
b Sj0−1
N2
, Leik − Ltid ∼ 1
a
log g .
Notice that the difference Leik−Ltid is independent of S. This is in sharp contrast with what happens
in flat space. The source of this qualitatively different behavior is that in AdS, the phase shift decays
exponentially with the impact parameter L (for L  1) and in flat space it decays with a power
law. The fact that in AdS these two effects appear at the same impact parameter, parametrically
in S, was noticed before in [20]. This limits the validity of the eikonal approximation in AdS to a
rather small interval of impact parameters Ltid < L < Leik. The situation is even worst at small
g where Ltid > Leik and it seems that the eikonal approximation is never useful. Nevertheless, we
can still use the representation (23) of the correlator, which only relies on conformal symmetry. At
weak coupling one does not expect the phase shift χ to be dictated by the tree level result, but one
still expects that a black disk in a conformal field theory (dual to an AdS black disk) corresponds
to a large imaginary phase shift. This basic input was used in [13] to successfully fit available
experimental data for the proton structure function at small-x inside the saturation region.
Finally, let us consider the critical impact parameter for black hole formation
Lbh ∼ 1
a
log
b Sj0−
3
2
N2
.
When j0 <
3
2 increasing the energy does not increase Lbh as expected from the gravitational intu-
ition. Indeed, for j0 <
3
2 black hole formation should be irrelevant for all impact parameters [37].
Furthermore, j0 is bounded from above by the intercept j(0). As the ’t Hooft coupling g
2 varies
from 0 to ∞ and the intercept j(0) goes from 1 to 2, there must be a critical value gc for which
j(0) = 32 . Therefore, black hole production should be absent in high energy scattering at weak
coupling g < gc [42]. On the other hand, for g > gc there is black hole formation in the scattering
process.
2.4 Example
We shall now illustrate the use of the previous formulas in a particular example in N = 4 SYM. We
consider the R-current as the vector operator and TrZ2 as our scalar operator with ∆ = 2. Using
the results of [31] and of sections 4 and 5 of this paper, for operators normalized as in (24) we found
the weak coupling expressions,
α1(ν) = −
ig4
(
ν2 + 19
)
tanh
(
piν
2
)
192N2ν cosh2
(
piν
2
) , α2(ν) = − ig4 (ν2 − 11) tanh (piν2 )
128N2ν cosh2
(
piν
2
) ,
α3(ν) = −
5ig4 tanh
(
piν
2
)
128N2ν cosh2
(
piν
2
) , α4(ν) = ig4 tanh (piν2 )
128N2ν cosh2
(
piν
2
) ,
where g2 = g2YMN is the ’t Hooft coupling. The Reggeon spin is the well known n = 0 component
of the BFKL spin
j(ν) = 1 +
g2
4pi2
(
2Ψ(1)−Ψ
(
1 + iν
2
)
−Ψ
(
1− iν
2
))
+ · · · .
Using the formulas in appendix A, we can determine the functions βk(ν). This gives β2 =
β3 = 0 as expected for a conserved current. However, we also get β4 = 0 which is not required by
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conservation. Indeed, the only non-zero βk is
β1(ν) =
2ig4 tanh
(
piν
2
)
N2pi4ν (ν2 + 1)2
.
This gives rise to a purely diagonal phase shift
χµˆτˆ (S,L) ≈ δµˆτˆ
6ig4
piN2
∫
dν Sj(ν)−1
tanh
(
piν
2
)
ν (ν2 + 1)2
Ωiν(L) .
It is interesting to compare this result with the result at strong coupling
χµˆτˆ (S,L) ∝ δµˆτˆ
S
N2
∫
dν
1
ν2 + 4
Ωiν(L) ,
computed in [26] by studying the propagation of a gauge boson across a gravitational shockwave
produced by the very energetic scalar particle. At strong coupling, the Reggeon is just the graviton
with spin j(ν) = 2 and the dependence on the impact parameter is given by the scalar propagator
in H3. The diagonal nature of the phase shift at strong coupling is easy to understand from the
form of the gauge field energy-momentum tensor that couples to the graviton. The fact that the
phase shift is also diagonal at weak coupling suggests that this property holds for all values of the
coupling.
One can also compute
γ1(ν) = −3− iν
1− iν γ2(ν) , γ2(ν) =
ipi5g4
(
ν2 + 1
)
sinh2
(
piν
2
)
128N2ν2 (ν2 + 4) cosh4
(
piν
2
) ,
to leading order in g2, therefore determining the Regge representation (22) of the structure functions.
3 CFT amplitude
In this section we shall analyze the general form of the four-point correlation function Amn(xi),
where we recall that the points xi are taken on different Poincare´ patches. The vector can be a
conserved current only for ξ = d − 1, where d is the space-time dimension. For now we leave d as
arbitrary and specify to d = 4 later on. The general form of Amn(xi) here derived is actually exact
for any CFT, before the Regge limit. Then we will consider the correlation function in the CFT
Regge limit.
This section is rather technical and uses the embedding formalism [43, 44] that we develop in
a separate publication [45]. Here the goal is to justify the Regge form of the amplitude already
written in (13). The reader may wish to skip the technicalities, jumping to section 3.3 bellow.
We shall now introduce very briefly the necessary notation used in the embedding formalism.
Let P ∈ R2,d be a point in the embedding space. Points in physical space-time are identified with
null vectors in R2,d up to the re-scallings
P 2 = 0 , P ∼ λP (λ > 0) .
In the following we shall use light-cone coordinates
PM = (P+, P−, Pm) ,
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with Pm ∈Md. In these coordinates the metric takes the form
P ·P = ηMNPMPN = −P+P− + ηmnPmPn .
We shall consider the projection of embedding points to different Poincare´ patches, for example, to
the Poincare´ patch
PM = (1, x2, xm) ,
where x ∈Md. Given two points in the same Poincare´ patch, we have that
Pij ≡ −2Pi ·Pj = (xi − xj)2
is the Lorentzian distance in the physical space Md.
In the embedding formalism we start by defining the embedding amplitude
AMN (Pi) =
AMN (Pi)
(P13)ξ(P24)∆
. (26)
After some specific choices of light cone sections for the external points, the physical amplitude is
given by the projection
Amn(xi) =
∂PM1
∂xm1
∂PN3
∂xn3
AMN (Pi) .
In (26) the embedding reduced amplitude AMN depends on all the external points Pi, has weight
zero under any re-scalling Pi → λPi of a point Pi, satisfies the orthogonality conditions
PM1 AMN = 0 , PM3 AMN = 0 , (27)
and is defined up to the equivalence
AMN ∼ AMN + p1MRN + p3NSM , (28)
since both tensors have the same projection to the light-cone sections.
The problem of finding the generic form of the amplitude reduces to finding the most general
embedding tensor AMN , which will have the form
AMN =
∑
k
fk(z, z¯)T
k
MN ,
where the fk(z, z¯) are functions of the cross ratios
zz¯ =
P13P24
P12P34
, (1− z)(1− z¯) = P14P23
P12P34
.
Thus, after finding all possible tensor structures T kMN , all the dynamical information regarding the
amplitude is contained in the functions fk(z, z¯). The physical amplitude is simply given by
Amn(xi) =
Amn(xi)
(P13)ξ(P24)∆
, (29)
with reduced amplitude
Amn(xi) =
∑
k
fk(z, z¯) t
k
mn(xi) ,
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where
tkmn(xi) =
∂PM1
∂xm1
∂PN3
∂xn3
T kMN (Pi) .
There are five independent weight zero tensor structures T kMN satisfying conditions (27) and
(28). However, we must impose the additional symmetry constraint
AMN (P1, P2, P3, P4) = ANM (P3, P2, P1, P4) = AMN (P1, P4, P3, P2) ,
coming from invariance under exchange of points P1 and P3, and also under exchange of points P2
and P4. For both transformations the action on the cross ratios is
z → z
z − 1 , z¯ →
z¯
z¯ − 1 .
These symmetries reduce the number of independent tensor structures to four and impose constrains
on the corresponding functions fk(z, z¯). To write these tensors it is convenient to define the basic
weight zero building block
(ij)MN =
P13
P1i P3j
PMi P
N
j , (i 6= 1, j 6= 3).
Then, the four independent tensors T kMN can be chosen to be
T 1MN = ηMN + 2(31)MN ,
T 2MN = (22)MN + (44)MN − (24)MN − (42)MN ,
1
2
(
T 3MN + T
4
MN
)
= (21)MN + (34)MN − (31)MN − (24)MN , (30)
1
2
(
T 3MN − T 4MN
)
= (41)MN + (32)MN − (31)MN − (42)MN .
Under the exchange of points P1 and P3, or of points P2 and P4, we have
T kMN → T kMN , (k = 1, 2, 3)
T 4MN → −T 4MN .
Thus, exchange symmetry implies that
fk(z, z¯) = fk
(
z
z − 1 ,
z¯
z¯ − 1
)
, (k = 1, 2, 3)
f4(z, z¯) = −f4
(
z
z − 1 ,
z¯
z¯ − 1
)
. (31)
We conclude that the general form of the amplitude is determined by these four functions, with the
embedding reduced amplitude given by
AMN = f1(z, z¯)
[
ηMN + 2(31)MN
]
+ f2(z, z¯)
[
(22)MN + (44)MN − (24)MN − (42)MN
]
+
(
f3(z, z¯) + f4(z, z¯)
) [
(21)MN + (34)MN − (31)MN − (24)MN
]
+
(
f3(z, z¯)− f4(z, z¯)
) [
(41)MN + (32)MN − (31)MN − (42)MN
]
.
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In [45] we show that, when the vector primary is a conserved current of dimension ξ = d − 1,
the projection to the light cone sections of the embedding conservation equation
∂MA
MN = 0 , (32)
gives precisely the usual Ward identity ∂mA
mn = 0. Equation (32) gives three differential equations
involving the functions of the cross ratios fi(z, z¯), arising from the coefficients multiplying P
N
1 , P
N
2
and PN4 , since the term proportional to P
N
3 is pure gauge. It turns out that only two of these
equations are linearly independent, so that we have two differential equations implied by current
conservation
(d− 1)
(
(1 + (1− z)(1− z¯))f3 − (z(1− z¯) + z¯)f4
)
+ 2
(1− z)(1− z¯)z2
z − z¯ ∂f1 − (1− z)(2− z¯)z ∂f3 + (1− z)zz¯ ∂f4
+ 2
(1− z)(1− z¯)z¯2
z¯ − z ∂¯f1 − (1− z¯)(2− z)z¯ ∂¯f3 + (1− z¯)zz¯ ∂¯f4 = 0 , (33)
(d− 2)(z + z¯ − zz¯)f2 −
(
f3 − f4
)− (d− 2)(1− z)(1− z¯)(f3 + f4)
− 2 (1− z)(1− z¯)z
z − z¯ ∂f1 − (1− z)zz¯ ∂f2 + (1− z)(1− z¯)z
(
∂f3 + ∂f4
)
− 2 (1− z)(1− z¯)z¯
z¯ − z ∂¯f1 − (1− z¯)zz¯ ∂¯f2 + (1− z)(1− z¯)z¯
(
∂¯f3 + ∂¯f4
)
= 0 .
3.1 Kinematics
Now we define the kinematics of the embedding external points, as appropriate to study the CFT
Regge limit of section 2. First we parametrize the external points Pi in the the central Poincare´
patch with the embedding coordinates
PA = (y+, y−, 1, y2, y⊥) , (34)
where the coordinates of the external points in the physical Minkowski space Md are given by
ya = (y+, y−, y⊥). However, we are interested in parameterizing these points in different Poincare´
patches, with coordinates xi, such that each point sits close to the origin of the corresponding patch,
as explained in section 2. In the embedding formalism this corresponds to the choice
PM1 =
(−1,−x21, xm1 ) , PM2 = (−x22,−1, xm2 ) ,
PM3 =
(
1, x23,−xm3
)
, PM4 =
(
x24, 1,−xm4
)
, (35)
where xmi = (x
+
i , x
−
i , xi⊥). An easy and elegant way to derive the conformal transformations
between the yi and the xi given in (2) and (3) is to equate (34) and (35) for each point, and then
use the identification P ∼ λP (λ > 0).
Let us now comment on the exactness of the general form of the amplitude that will be presented
bellow. We can use conformal invariance to fix the two external points x1 and x4 to the origin, and
then define x = −x3 and x¯ = x2, so that
PM1 = (−1, 0, 0) , PM2 =
(−x¯2,−1, x¯m) ,
PM3 =
(
1, x2, xm
)
, PM4 = (0, 1, 0) . (36)
After projecting the embedding amplitude to these light-cone sections, we will obtain an exact
expression for the general form of the amplitude, which is manifestly invariant under the residual
18
transverse conformal group SO(1, 1)×SO(3, 1). Hence the general form of the amplitude presented
bellow is exact. When taking the Regge limit, we may then choose instead the more symmetric
choice with x ' x1−x3 and x¯ ' x2−x4, which corresponds to the choice of light-cone sections (35)
given in the previous paragraph.
To project the different tensor structures TMN given in (30) to the light-cone sections (36) we
need to compute
∂PA1
∂xm1
= (0,−2x1m, δam) = (0, 0, δam) ,
∂PB3
∂(−xn3 )
=
(
0,−2x3n, δbn
)
=
(
0,−2xn, δbn
)
.
Then the projection tmn to the above light-cone sections simplifies to
tmn = −2xnTm− + Tmn .
Noting that (36) gives
P12 = 1 , P13 = −x2 , P14 = −1 ,
P23 = −1− 2x · x¯− x2x¯2 , P24 = −x¯2 , P34 = 1 ,
a simple computation yields
t1mn = ηmn − 2
xmxn
x2
,
t2mn =
x2x¯mx¯n
1 + 2x · x¯+ x2x¯2 +
x2x¯2x¯mxn
1 + 2x · x¯+ x2x¯2 ,
1
2
(
t3mn + t
4
mn
)
=
xmxn
x2
+ xnx¯m ,
1
2
(
t3mn − t4mn
)
=
xmxn
x2
− xmx¯n
1 + 2x · x¯+ x2x¯2 −
x¯2xmxn
1 + 2x · x¯+ x2x¯2 .
All tensors are invariant under the residual scale invariance and transform as tensors under the
residual SO(3, 1).
We arrive at the final result for the amplitude in the Lorentzian kinematical setting of interest
Amn =
Amn(x, x¯)
(x2 − ix)ξ(x¯2 − ix¯)∆ , (37)
with
Amn =
4∑
k=1
fk(σ, ρ) t
k
mn(x, x¯) .
where σ and ρ are the SO(1, 1)×SO(3, 1) cross ratios defined in (10). In (29) we have been careless
about the choice of the i-prescription determining the branch cuts in the denominator. The correct
i-prescription is the one of the two-point function and was studied in detail in [39, 40]. In (37)
we have inserted the appropriate i for the kinematical choice (36), as already done in (13) of
section 2.1. This is the general form of the four-point correlation function as dictated by conformal
symmetry.
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3.2 Regge limit
As explained in section 2, the high energy CFT Regge limit is defined by xi → 0 (or σ → 0 with ρ
fixed). In this limit the above tmn tensor structures simplify to
t1mn = ηmn − 2
xmxn
x2
,
t2mn = σ
2 x¯mx¯n
x¯2
+O(σ3) ,
t3mn = 2
xmxn
x2
+O(σ) ,
t4mn = σ
xmx¯n + x¯mxn
|x||x¯| +O(σ
2) .
It is now clear that the behaviour of the amplitude will depend on the expansion in powers of σ of the
functions fk(σ, ρ), as these contain all the dynamical information. In particular, we are interested in
the leading behaviour of fk(σ, ρ) when a particle of spin J is exchanged in the t-channel. Since the
amplitude can be expanded in conformal partial waves of definite spin and conformal dimension,
one way to derive the behaviour of the functions fk(σ, ρ) is to study the Regge limit of the t-channel
conformal partial waves of spin J . The general construction of the conformal partial wave expansion
using the embedding formalism is given in [45]. For the present purposes all we need to know is
that, in the limit of σ → 0, the functions fk(σ, ρ) associated to an exchange of a spin J state have
the expansion
f1(σ, ρ) = E(ρ)σ
1−J +O(σ2−J) ,
f2(σ, ρ) = G(ρ)σ
−1−J +O(σ−J) , (38)
f3(σ, ρ) =
(
E(ρ) +
F (ρ)
2
)
σ1−J +O(σ2−J) ,
f4(σ, ρ) = H(ρ)σ
−J +O(σ1−J) ,
for some functions E(ρ), F (ρ), G(ρ) and H(ρ), which depend on the conformal dimension of the
exchanged state and whose explicit form is not important for the present argument. We refer the
reader to appendix B for a proof of this result.
Thus, we finally arrive at a very simple form of the reduced amplitudeAmn for a spin J conformal
partial wave in the Regge limit,
Amn ≈ σ1−J
[
E(ρ) ηmn + F (ρ)
xmxn
x2
+G(ρ)
x¯mx¯n
x¯2
+H(ρ)
xmx¯n + x¯mxn
|x||x¯|
]
. (39)
To this leading order the amplitude is determined by four unknown functions of the cross ratio
ρ. One can also replace the expansion in powers of σ of the functions fk(σ, ρ) in the conservation
equations (33) to obtain
(2d− 3 + J)E(ρ) + (d− 2 + J)F (ρ)− (2d− 2 + J) cosh ρH(ρ)
+ coth ρE′(ρ)− sinh ρH ′(ρ) = 0 ,
(2d− 3 + J) sinh ρ cosh ρG(ρ)− (d− 3 + J) sinh ρH(ρ)
−E′(ρ) + (sinh ρ)2G′(ρ) = 0 ,
where ′ stands for the ρ derivative. We conclude that, in the Regge limit, the amplitude with a
conserved current operator depends on two unknown functions of the transverse conformal group
cross ratio ρ.
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As a final remark we note that, in the Regge limit, under the exchange of points P1 and P3,
we have x → −x, while x¯ is unchanged. From the symmetry properties of the functions fk(z, z¯)
given in (31), we see that the functions E(ρ), F (ρ) and G(ρ) are even under this transformation,
while the function H(ρ) is odd. It is then clear that the amplitude (39) remains invariant under
this transformation.
3.3 Regge theory
Let us now consider an amplitude which includes contributions of conformal partial waves of all
spins. The conformal partial wave expansion can be written in the form [19,46–48]
AMN (Pi)
(P13)ξ(P24)∆
=
∑
J
∫
dν a(ν, J)GMNν,J (Pi)
where GMNν,J is the conformal partial wave of spin J and dimension
d
2 +iν. In this case one must resum
all contributions, in order to determine the small σ behaviour of the amplitude. Following [19], we
use the Sommerfeld-Watson transform to write the sum over J as a contour integral. From (39)
we conclude that, for each ν, the Regge limit of the integral over J is dominated by the right most
non-analyticity in the complex J plane. Since we are considering the planar amplitude, dual to
tree-level string theory, we expect this non-analyticity to be a simple Regge pole at J = j(ν).
The analysis is entirely analogue to the case of the amplitude for scalar operators, which has
the form [19]
A = 2pii
∫
dν (−)j(ν)σ1−j(ν)α(ν) Ωiν(ρ) ,
where J = j(ν) is the leading Regge pole. The function Ωiν(ρ) is just the harmonic scalar function
on the conformal transverse space H3, satisfying
Ωiν(ρ) =
ν
4pi2
sin νρ
sinh ρ
,
(
H3 + ν2 + 1
)
Ωiν(ρ) = 0 .
In the present case of the four-point function of two vector and two scalar operators, the Regge
form of the reduced amplitude is
Amn = 2pii
4∑
k=1
∫
dν (−)j(ν)σ1−j(ν)αk(ν)
(
Ωkiν(ρ)
)mn
, (40)
where now the functions Ωkiν(ρ) are a basis of tensor functions. To derive their explicitly form, we
first observe that in the Regge limit x ≈ x3 − x1, where the x’s are the coordinates of points 1
and 3 in the corresponding Poincare´ patches, as explained in section 2. Since the vector operator is
inserted at points 1 and 3, and the other points contain only scalar operators, one expects the tensor
structures of the Ω functions to be local in x, i.e. to be constructed from the metric and from x and
its derivatives acting on a scalar function. This expectation follows from the factorization of the
Regge theory amplitude. Indeed there are precisely four such structures that can be constructed,
correctly matching the counting of (39). We shall introduce the following convenient basis of tensor
functions (
Ωkiν(ρ)
)mn
= Dmnk Ωiν(ρ) ,
where the explicit expressions for the differential operators Dmnk were anticipated in (14). The
reason for this particular choice of the Dmnk will become clear in the next section. Note that these
operators are independent of x¯.
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4 Hard Pomeron in conformal gauge theories
The general form of the four-point function Amn(x, x¯) derived in the previous section relies only on
conformal symmetry and then on standard arguments in Regge theory. In particular (40) applies to
any CFT at any value of the coupling constant, whenever the amplitude is dominated by a Regge
pole. In this section we focus on the case of gauge theories in the weak coupling regime. We shall
focus on an amplitude dominated by the planar diagram associated to the exchange of a hard BFKL
pomeron, whose spin is approximately 1. As explained in the introduction, this is important in the
Regge limit of low Bjorken x in DIS, where the exchange of a hard pomeron sets the growth of the
cross section leading to gluon saturation. In the context of the AdS/CFT duality, the Regge pole
interpolates between the Pomeron at weak coupling and a reggeized spin 2 graviton in the bulk of
AdS at strong coupling [37].
In the limit of vanishing ’t Hooft coupling g → 0, the leading contribution to the pomeron
comes from a pair of gluons in a color singlet state. The spin is strictly 1, and therefore in this limit
the amplitude will not depend on σ = |x||x¯|. It will depend on the single cross ratio ρ, given by
cosh ρ = −x · x¯/(|x||x¯|), where we recall that we chose both x and x¯ are in the future light-cone of
four-dimensional Minkowski space M4. The cross ratio ρ is the geodesic distance between x/|x| and
x¯/|x¯| on the unit three-dimensional hyperboloid H3. The amplitude takes then the BFKL form in
position space, similar to the case of scalar operators given in [31],
Amn(x, x¯) '− 1
N2
∫
∂H3
dz1dz3
(z13)
2
dz2dz4
(z24)
2 V
mn(x, z1, z3) F (z1, z3, z2, z4) V¯ (x¯, z2, z4) , (41)
where F is the BFKL kernel and V mn and V¯ are the impact factors, respectively describing the
coupling of the current and scalar operators to the pomeron.
In (41) the action of the transverse conformal group SO(3, 1) is made manifest by working again
in the embedding space, which in this case is the four dimensional Minkowski space M4. Transverse
space is then recovered by taking an arbitrary slice of the future light-cone, choosing a specific
representative for each ray. We shall denote with ∂H3 any given choice of such slice, since it can
be identified with the conformal boundary of the unit three-dimensional hyperboloid H3. This is
the notation followed in (41) where we replaced the integrals over the transverse space R2 with
integrals over an arbitrary section ∂H3 of the future light–cone. The standard transverse space R2
is recovered with the usual Poincare´ choice
za = (z+, z−, z⊥) =
(
1, z2⊥, z⊥
)
,
where z⊥ ∈ R2. The inner product between two point zi and zj of this form computes the Euclidean
distance in R2,
zij ≡ −2zi · zj = (zi⊥ − zj⊥)2 .
We refer the reader to [31] for a more thoroughly discussion of the realization of the transverse
conformal symmetry in the context of (41).5
4.1 BFKL propagator
The leading contribution at high energies to the pomeron propagator comes from the exchange of
a pair of gluons in a color singlet state, with transverse propagator
F (z1, z3, z2, z4) = 2 ln(z1⊥ − z2⊥)2 ln(z3⊥ − z4⊥)2 = 2 ln z12 ln z34 . (42)
5To clear our presentation we have changed notation with respect to [31]. In this paper we call the embedding
points z =
(
1, z2⊥, z⊥
)
, while in [31] we used instead z =
(
1, z2, z
)
. The present notation is less heavy because we
mostly use embedding points.
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z3 z4
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(n, 1 + iν) (n, 1− iν)
∂H3
z7
∂H3
Figure 3: The conformal partial waves used in the decomposition of the BFKL propagator are
obtained from the integral of the product of two 3-point functions. One 3-point function has scalars
of dimension zero at z1 and z3 and a spin n operator of dimension 1 + iν at z7, while the other has
scalars of dimension zero at z2 and z4 and a spin n operator of dimension 1− iν at z7.
When the scattering states are colorless the impact factors satisfy the infrared finiteness condition∫
∂H3
dz1
(z13)
2 V
mn(x, z1, z3) = 0 , (43)
and similarly for V¯ (x¯, z2, z4). The leading BFKL propagator may then be replaced with the equiv-
alent conformally invariant scalar function of dimension zero,
F (z1, z3, z2, z4) = ln
z13z24
z12z34
ln
z14z23
z12z34
.
Lipatov [32] found a beautiful decomposition of the leading BFKL propagator in conformal
partial waves of transverse spin n ≥ 0 and dimension 1 + (n± 1), given by
F (z1, z2, z3, z4) =
4
pi2
∞∑
n=0
2n
∫
dν
ν2 + n2(
ν2 + (n− 1)2)(ν2 + (n+ 1)2)∫
∂H3
dz7E
a1···an
ν (z1, z3, z7)E
b1···bn−ν (z2, z4, z7) ηa1b1 · · · ηanbn , (44)
where we note that the poles at iν = n±1 determine the dimension of the partial waves. The tensor
functions Eν(zi, zj , zk) are conformal 3-point functions on the transverse space of two scalar fields
of zero dimension at zi and zj and one symmetric and traceless spin n field of dimension 1 + iν
at zk. We shall see in the next section that these conformal 3-point functions are essential for the
construction of an impact factor basis with definite transverse spin. In appendix C the explicit form
of Eν in the embedding formalism is given, as well as their projection to complex coordinates on
R2 used in [32]. The above representation of the pomeron propagator is pictured in figure 3.
The 3-point functions Eν satisfy the important orthogonality relation [32]∫
∂H3
dz1dz3
(z13)2
E
a1···an′−µ (z1, z3, z5)E
b1···bn
ν (z1, z3, z7) = (45)
δn,n′ δ(ν − µ) an(ν) δ(z5, z7)Ua1···anb1···bn + δn,n′ δ(ν + µ) bn(ν) 1
(z57)1+iν
V a1···anb1···bn(z5, z7) ,
where
an(ν) =
4pi4
ν2 + n2
, bn(ν) = 4pi
3 2
2iν
n− iν
Γ
(
n+1−iν
2
)
Γ
(
n+iν
2
)
Γ
(
n+1+iν
2
)
Γ
(
n−iν
2
) .
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and the tensors U and V are symmetric and traceless in both ai and bi indices. For the sake of
clarity in the exposition we only give the explicit expressions for U and V in the appendix C.
4.2 Impact factor
We shall now consider the general form of the vector current impact factor V mn(x, z1, z3). By
conformal invariance it can only depend on functions of the single cross ratio
u =
(−x2)z13
(−2x · z1)(−2x · z3) ,
it must be constructed from tensor structures of weight zero in x, z1 and z3, and it must be symmetric
under z1 ↔ z3. A simple counting shows that there are only five allowed tensor structures. Let us
then introduce the following tensor basis for the impact factor
Imn1 = ηmn , Imn2 =
xmxn
x2
, Imn3 =
xmzn1 + x
nzm1
−2x · z1 +
xmzn3 + x
nzm3
−2x · z3 ,
Imn4 =
zm1 z
n
1 (−x2)
(−2x · z1)2 +
zm3 z
n
3 (−x2)
(−2x · z3)2 , I
mn
5 =
zm1 z
n
3 + z
m
3 z
n
1
z13
. (46)
A general impact factor will be a linear combination of the form
V mn =
5∑
k=1
hk(u) Imnk , (47)
for general functions hk(u) of the cross ratio u.
Although the general form of the four-point amplitude (39) contains only four tensor structures,
we see that the impact factor for the vector operator contains five tensor structures. The reason
for this apparent mismatch is clear. The impact factor for the scalar operator has a single scalar
structure, which only overlaps with the spin 0 component of the BFKL propagator expansion (44).
Consequently, the spin 2 component of the vector impact factor will not contribute to a 4-point
amplitude of the form (39), as it is clear from (41). This leaves only four tensor structures in the
vector impact factor, which have, as we shall see, transverse spin 0.
In the following we shall construct a basis for both the spin 0 and spin 2 components of the
vector impact factor. We shall then explain how to decompose a general impact factor of the form
(47) in its spin 0 and spin 2 components.
4.2.1 Transverse spin 0
The scalar part of the impact factor V mn0 can be constructed simply by acting with the differential
operators Dmnk given in (14) on scalar functions of the cross ratio u. Hence we define the following
basis for the scalar components of the impact factor
V mn0 (x, z1, z3) =
4∑
k=1
Dmnk (x)Sk(u) ,
with
Sk(u) =
∫
dµSk(µ)χµ(u) . (48)
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Figure 4: The functions χµ(u) and ψ
mn
µ (u), respectively used as a complete basis for the spin n = 0
and n = 2 components of the impact factor V mn(u). These functions are given by the integral over
z5 of the spin n bulk to boundary propagator from x to z5 with dimension 1 + iµ, multiplied by
the 3-point function of scalars with zero dimension at z1 and z3 and a spin n operator of dimension
1− iµ at z5.
We are expanding the scalar functions Sk(u) in the basis introduced in [31], defined by
6
χµ(u) = c0(µ)
∫
∂H3
dz5 Πµ(x, z5)E−µ(z1, z3, z5) (49)
where
Πµ(x, z5) =
( |x|
−2x · z5
)1+iµ
is the scalar bulk to boundary propagator of weight 1 + iµ,
E−µ(z1, z3, z5) =
(
z13
z15z35
) 1−iµ
2
is the scalar 3-point function with zero weight at z1 and z3 and with weight 1−iµ at z5, as described
in section 4.1, and the constant
c0(µ) =
µ2(1 + µ2)
64pi5
Γ2
(
1−iµ
2
)
Γ (1− iµ) .
The functions χµ(u) can be expressed in terms of hypergeometric functions. In figure 4 we represent
schematically the basis for the spin 0 components of the impact factor.
4.2.2 Transverse spin 2
We now seek, analogously to the scalar case, for a Fourier representation of the spin 2 part of the
impact factor V mn2 . The natural generalisation of the spin 0 case is to consider the spin 2 bulk to
6In the notation of [31], χµ(u) and c0(µ) are given by φµ(u) + φ−µ(u) and µ2c(µ), respectively.
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boundary propagator from x to z5 of weight 1 + iµ and then the 3-point coupling E−µ(z1, z3, z5)
with a spin 2 state of weight 1− iµ at z5, as also represented in figure 4.
Let us start by defining the metric on the space orthogonal to a given bulk vector x and a
boundary vector z, satisfying z2 = 0, given by
pimn(x, z) = ηmn − x
mzn
x · z −
zmxn
x · z +
x2zmzn
(x · z)2 .
By construction it is orthogonal
xmpi
mn = 0 , zmpi
mn = 0 ,
and it satisfies
pimnpinp = pi
m
p , pi
m
m = 2 .
The spin 2 bulk to boundary propagator of weight 1 + iµ is then given by
Πmnabµ (x, z) =
( |x|
−2x · z
)1+iµ
pimnab , (50)
where pimnab is the weight zero tensor structure
pimnab(x, z) =
1
2
(
pimapinb + pimbpina − pimnpiab
)
.
This propagator is transverse to x and z, and is traceless and symmetric in both pairs of indices
mn and ab. It is important to note that the spin 2 propagator has zero divergence,
∂mΠ
mnab
µ (x, z) = 0 .
The 3-point coupling E−µ(z1, z3, z5) with a spin 2 state at z5 is given by
Eab−µ(z1, z3, z5) =
(
z13
z15z35
) 1−iµ
2
T ab(z1, z3, z5) ,
where the tensor T ab has weight zero, is symmetric and traceless, and is orthogonal to z5. As
explained in appendix C, T ab can be written as
T ab = T aT b − 1
2
Gab ,
where
T a(z1, z3, z5) =
(
z15z35
z13
) 1
2
(
za1
z15
− z
a
3
z35
)
,
and
Gab(z1, z3, z5) = η
ab +
za1z
b
5 + z
b
1z
a
5
z15
+
za3z
b
5 + z
b
3z
a
5
z35
.
We may now introduce a basis for the spin 2 component of the impact factor
V mn2 (x, z1, z3) =
∫
dµT (µ)ψmnµ (x, z1, z3) , (51)
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Figure 5: Full BFKL amplitude, written as a product of the conformal basis for the left and right
impact factors and for the BFKL propagator. After integrating over all z’s except z7 one obtains
the integral representation of the Ωiν function.
where we define the Fourier tensor function by
ψmnµ (x, z1, z3) = c2(µ)
∫
∂H3
dz5 Π
mnab
µ (x, z5)E
cd
−µ(z1, z3, z5) ηacηbd , (52)
with
c2(µ) = − 1
pi5
4 + µ2
1 + µ2
Γ2
(
3−iµ
2
)
Γ (3− iµ) .
The spin 2 component V mn2 inherits from the bulk to boundary spin 2 propagator the basic conditions
xmV
mn
2 = 0 , ηmnV
mn
2 = 0 , ∂mV
mn
2 = 0 . (53)
4.3 Back to Regge theory
It is now clear how to make contact with the general form (40) of the amplitude in Regge theory.
We start with the BFKL amplitude in position space (41), and then expand the BFKL propagator
and the impact factors in the conformal basis given in sections 4.1 and 4.2, as represented by figure
5. Then, using the orthogonality conditions obeyed by the Eν 3-point functions (45), one can do the
integrals in z1, z2, z3 and z4. In particular, since the impact factor V¯ (x¯, z2, z4) will only overlap with
the spin 0 component of the BFKL kernel, the spin 2 component of the impact factor V mn2 (x, z1, z3)
will be projected out when integrating over z1 and z3. This explains why the spin 2 component
of the impact factor does not enter the four-point function of two vector and two scalar operators
(41), correctly giving the counting of four independent tensor structures in (40).
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The computation outlined in the previous paragraph was done in detail in [31] for the case of
scalar operators. In the present case the only difference is the operator Dmnk , which plays no role
in the computation. We have therefore
Amn(x, x¯) = − 1
2N2
4∑
k=1
∫
dν Sk(ν)
tanh piν2
ν
V¯ (ν) Dmnk Ωiν(x, x¯) ,
where V¯ (ν) is the transform of the scalar impact factor V¯ (u¯), with u¯ the cross ratio constructed
from x¯, z2 and z4, just as described in section 4.2 and in [31]. By doing this computation one
discovers also an integral representation for the harmonic functions Ωiν(x, x¯), given by
Ωiν(x, x¯) =
ν2
4pi3
∫
∂H3
dz7 Πν(x, z7) Π−ν(x¯, z7) .
This representation will be useful to generalise to the case of transverse spin 2 explained below. We
conclude that the residues αk(ν) in the Regge amplitude (40) are given by
αk(ν) = − i
4piN2
Sk(ν)
tanh piν2
ν
V¯ (ν) .
4.3.1 Conserved current
We saw in section 3 that when the vector operator is a conserved current, there are two differential
equations that reduce to two the number of independent functions determining the amplitude. It
is therefore of interest to understand the implications of conservation on the current impact factors
Sk(u), as well as on its transform Sk(µ), and consequently on the Regge residue αk(µ) just discussed.
Starting from the BFKL amplitude in position space (41), the conservation equation ∂mA
mn = 0
becomes simply
∂m
V mn
(−x2)3 = 0 ⇒
(
∂m − 6 xm
x2
)
V mn = 0 ,
which gives two independent differential equations from the coefficient multiplying xn and x¯n, as
expected. Since the spin 2 component automatically satisfies the above condition (cf. (53)), the
conservation equation only involves the scalar functions Sk(u). This is best analyzed by considering
the integral representation of the various scalar functions given in (48) and (49). In particular,
we only need to keep track of the pieces involving the differential operators Dmnk and the bulk to
boundary propagator,
4∑
k=1
Sk(µ)Dmnk
( |x|
−2x · z5
)1+iµ
.
A tedious computation shows that the conservation equation implies on the Fourier components
Sk(µ) of the scalar impact factors
S1(µ)− 2S3(µ) + 2
3
(
4 + µ2
)
S4(µ) = 0 ,
3S1(µ) + 3S2(µ)−
(
1 + µ2
)
S3(µ) = 0 . (54)
Recalling now that on the basis functions χµ(u) the operator
∇2 = 4u2 (1− u) d
2
du2
− 4u2 d
du
, (55)
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satisfies ∇2 = − (1 + µ2), we obtain the conditions on the functions Sk(u),
S1(u)− 2S3(u)− 2
3
(∇2 − 3)S4(u) = 0 ,
3S1(u) + 3S2(u)−∇2S3(u) = 0 .
Let us conclude this section by also writing the conservation equations in terms of the functions
hk(u) introduced in the expansion (47). A tedious calculation gives
2uh3 + 2uh4 + 3h5 − 2u2h′1 − u2 (1− u)h′4 − u (1− u)h′5 = 0 ,
6h1 + 3h2 − 6h3 − 2uh′1 + 2u(1− u)h′3 = 0 . (56)
4.4 γ∗ − γ∗ scattering
We have all the necessary ingredients to also understand the CFT Regge limit of the four-point
function of a vector operator ja. This case is relevant to γ∗ − γ∗ scattering in the conformal limit
of QCD, so we shall spend this section analysing this amplitude. In this case the position space
BFKL representation takes the form
Amnm¯n¯(x, x¯) '− 1
N2
∫
∂H3
dz1dz3
(z13)
2
dz2dz4
(z24)
2 V
mn(x, z1, z3) F (z1, z3, z2, z4) V¯
m¯n¯(x¯, z2, z4) , (57)
As before, the impact factors can be written as
V mn(x, z1, z3) =
∫
dµ
[
4∑
k=0
Sk(µ)Dmnk χµ(x, z1, z3) + T (µ)ψmnµ (x, z1, z3)
]
, (58)
with a similar expression for V¯ m¯n¯(x¯, z2, z4). From the orthogonality relation (45) and the represen-
tations (49) and (52) of the functions χµ and ψ
mn
µ , it is clear that only the spin 0 and the spin 2
components of the BFKL propagator (44) contribute to the correlator (57),
Amnm¯n¯(x, x¯) = Amnm¯n¯(0) (x, x¯) +Amnm¯n¯(2) (x, x¯) .
The spin 0 contribution is a direct generalization of the previous case,
Amnm¯n¯(0) (x, x¯) = −
1
2N2
4∑
k,k¯=1
∫
dν Sk(ν)
tanh piν2
ν
S¯k¯(ν) Dmnk Dm¯n¯k¯ Ωiν(x, x¯) .
We shall therefore focus on the transverse spin 2 contribution to the correlator. Using the repre-
sentation (44) of the BFKL propagator we have
Amnm¯n¯(2) (x, x¯) =−
16
pi2N2
∫
dν
ν2 + 4
(ν2 + 1)(ν2 + 9)
∫
∂H3
dz7W
mna1a2
ν (x, z7) W¯
m¯n¯b1b2−ν (x¯, z7) ηa1b1ηa2b2 ,
(59)
where
Wmna1a2ν (x, z7) =
∫
∂H3
dz1dz3
(z13)
2 V
mn(x, z1, z3)E
a1a2
ν (z1, z3, z7) .
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To determine W we first write the impact factor as (58), and use the representation (52) and the
orthogonality relation (45) to obtain
Wmna1a2ν (x, z7) =
1
2
T (ν)c2(ν)a2(ν)Π
mna1a2
ν (x, z7)
+ T (ν)c2(−ν)b2(ν)
∫
R2
dz5 Π
mnb1b2−ν (x, z5)
V a1a2b1b2 (z5, z7)
(−2z5 · z7)1+iν .
The last integral is computed in appendix D and gives∫
R2
dz5 Π
mnb1b2−ν (x, z5)
V a1a2b1b2 (z5, z7)
(−2z5 · z7)1+iν =
ipi
2ν
Πmna1a2ν (x, z7) + · · · ,
where the · · · are terms that drop out in (59). Therefore,
Wmna1a2ν (x, z7) = T (ν)
[
1
2
c2(ν)a2(ν) +
ipi
2ν
c2(−ν)b2(ν)
]
Πmna1a2ν (x, z7) + . . .
=
i+ ν
ν
c2(ν)a2(ν)T (ν)Π
mna1a2
ν (x, z7) + . . . ,
and we conclude that the transverse spin 2 contribution to the amplitude has the form
Amnm¯n¯(2) (x, x¯) = −
128
N2
∫
dν
tanh
(
piν
2
)
T (ν)T¯ (ν)
ν3 (ν2 + 1) (ν2 + 4) (ν2 + 9)
Ωmnm¯n¯iν (x, x¯) ,
where Ωmnm¯n¯ is a spin 2 harmonic function on H3. It is given by the natural generalization of the
spin 0 case,
Ωmnm¯n¯iν (x, x¯) =
4 + ν2
4pi3
∫
∂H3
dz7 Π
mna1a2
ν (x, z7) Π
m¯n¯b1b2−ν (x¯, z7) ηa1b1ηa2b2 .
4.5 Disentangling spin 0 and spin 2 components
As we shall see in section 5, when computing explicitly the impact factor V mn(x, z1, z3) using
Feynman rules, one obtains a linear combination of the five tensor structures Imnk , as written in
(46) and (47). It is then desirable to split the spin 0 and spin 2 components of the impact factor.
In particular, we wish to determine the functions Sk(µ) and T (µ) in the Fourier decomposition (48)
and (51), so that we can write amplitudes involving the impact factors in their Regge form.
Let us start by explaining how to extract the spin 0 components of a generic impact factor,
written in a obvious notation as
V mn = V mn0 + V
mn
2 =
4∑
k=1
Dmnk Sk(u) + V mn2 . (60)
We note the following basic relations satisfied by the differential operators Dmnk used to construct
the tensor structures for the spin 0 components,
xmDmn1 = xmDmn4 = 0 ,
xmxnDmn3 = 0 ,
ηmnDmn3 = ηmnDmn4 = 0 ,
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while the spin 2 component satisfies the conditions (53). Given a generic impact factor written in
the form (60), we can determine the functions S1(u), S2(u) and S3(u) rather easily by noting that
1
3
(
ηmn − xmxn
x2
)
V mn = S1(u) ,
xmxn
x2
V mn = S2(u) , (61)(
xmz1n
x · z1 −
xmxn
x2
)
V mn = 2u(1− u) S′3(u) .
Notice that a constant in S3 is immaterial since Dmn3 annihilates constant terms.
Next let us consider the scalar function S4(u). After determining S1, S2 and S3, we consider
the following transverse part of the impact factor
V mn⊥ = V
mn −
3∑
i=1
Dmni Si(u) = Dmn4 S4 (u) + V mn2 .
Since V mn⊥ is nothing but the part of V
mn which is traceless and transverse to xm, it can also be
computed without reference to the functions S1, S2 and S3 using the explicit expression
V mn⊥ = V
mn −
(
xmxpV
pn
x2
+
xnxpV
pm
x2
)
(62)
+
1
3
Vpq
xpxq
x2
(
ηmn + 2
xmxn
x2
)
− 1
3
V
(
ηmn − x
mxn
x2
)
,
where V = V mnηmn is the trace of V
mn. Since the spin 2 component of the impact factor has zero
divergence, we can compute the divergence of V mn⊥ to isolate the scalar function S4(u). A tedious
but straight-forward computation shows that
∂mV
mn
⊥ = ∂m
(
Dmn4 S4(u)
)
=
(
2xn
x2
− z
n
1
x · z1 −
zn3
x · z3
)
2
3
u
d
du
(
3−∇2)S4(u) , (63)
where we recall that the operator ∇2 is defined in (55).
We shall now describe how to extract the spin 2 component of a generic impact factor. We start
by considering the transverse traceless part V mn⊥ . Since it is transverse to x
m, it may be considered
as a metric fluctuation on the hyperbolic space H3. Moreover, denoting with µˆ, τˆ the coordinates
on H3, we quickly discover that the scalar contribution Dmn4 S4 to V mn⊥ corresponds to
∇µˆ∇τˆS4 − 1
3
gµˆτˆ∇2S4 .
The above corresponds to an infinitesimal diffeomorphism combined with an infinitesimal conformal
transformation. Since H3 is a three-dimensional conformally flat space, we are led to computing
the linearized Cotton tensor corresponding to a metric fluctuation V mn⊥ . The spin 0 contribution S4
will not contribute to the Cotton tensor, and we will be left uniquely with the spin 2 contribution.
We first consider the linearized Ricci tensor and scalar for a metric fluctuation V mn⊥ , which in
the embedding space representation are given simply, recalling that V mn⊥ is traceless, by
Rmn = V mn⊥ − ∂m∂pV pn⊥ − ∂n∂pV pm⊥ , R = −2∂p∂qV pq⊥ .
Considering then the combination
Gmn = Rmn − 1
4
(
ηmn − xmxn
x2
)
R ,
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the Cotton tensor is defined by
Cabc = ∂aGbc − ∂bGac + xa
x2
Gbc − xb
x2
Gac .
Given that Cabc is traceless and transverse to x
m, and that it satisfies the symmetries
Cabc + Cbac = 0
Cabc + Cbca + Ccab = 0 ,
we can construct a unique function of the cross ratio u characterizing Cabc. We shall call this
function, explicitly given by
C(u) =
(−x2)2
(−2z1 ·x) z13 z
a
1z
b
3z
c
1Cabc ,
the Cotton function.
We may compute the Cotton function Cµ(u), corresponding the Fourier basis ψ
mn
µ (u) in the
expansion of the spin 2 component of the impact factor in (51). A long and mechanical computation,
shows the very simple result (
u
d
du
− 1
)
Cµ(u) = χµ(u) ,
where we recall that χµ(u) is the Fourier component for scalar impact factors (49). Given the
Cotton function associated to the spin 2 component of a generic impact factor, we have therefore
arrived at the following final representation(
u
d
du
− 1
)
C(u) =
∫
dµ T (µ)χµ(u) . (64)
This allows for the determination of T (µ) and hence of the spin 2 component of the impact factor
via the transform (51).
It is now just a mechanical computation to apply the general strategy outlined in this section to
determine the spin 0 and spin 2 components of a generic impact factor given by a linear combination
of the tensor structures Imnk as written in (47). From (61) we deduce that the functions S1(u), S2(u)
and S3(u) are given by
S1 = h1 +
1
6
h4 +
1− 2u
6
h5 ,
S2 = h1 + h2 − 2h3 − 1
2
h4 − 1
2u
h5 , (65)
S3 =
∫
du
4u2
(
2uh3 + uh4 + h5
)
.
After computing the transverse and traceless part (62) of the impact factor, one may compute its
divergence and equate it to (63), therefore determining the function S4(u) through(∇2 − 3)S4 = ∫ du
4u2
(
3uh4 + 5h5 + u
2(3u− 2)h′4 + u(u− 2)h′5
)
, (66)
where ′ denotes derivative with respect to u. Finally, the Cotton function C(u) for the transverse
and traceless part (62) of the impact factor is explicitly given by
C = (1− u)u2
(
(3u− 1)h′4 + u(3u− 2)h′′4 +
u2
2
(u− 1)h′′′4
− h′5 + (1− 2u)h′′5 −
u
2
(u− 1)h′′′5
)
, (67)
which then allows for the determination of the spin 2 Fourier component T (µ) through (64).
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Figure 6: Perturbative expansion of the BFKL propagator. The leading term corresponds to the
exchange of a pair of gluons in a color singlet state. The symmetry factor of 1/2 comes from the
permutation of the the gluon lines.
5 Impact factors in QCD and SYM
In this section we compute explicitly the impact factors for the electromagnetic current operator in
QCD with massless quarks and for the R-current operator in N = 4 SYM. We consider first the
impact factor for a Weyl fermion in an arbitrary representation of the gauge group, and then for a
complex scalar field. It is then trivial to apply the results to the cases of QCD and SYM.
To leading order in perturbation theory the BFKL kernel is given by the exchange of a pair of
two gluons in a color singlet state, as represented in figure 6. The factor of 1/2 is the symmetry
factor of the diagram that comes from permuting the gluon lines. Considering for now the diagram
computed with standard Feynman rules in the central Poincare´ patch, we denote by Dcc¯
AA¯
(z1, z2)
and by Ddd¯
BB¯
(z3, z4) the gluon propagators, respectively between z1 and z2 and between z3 and z4.
The upper indices refer to the polarization and the lower indices to the color. In the CFT Regge
limit gluons with polarizations c = d = − and c¯ = d¯ = +, in a color singlet A = B and A¯ = B¯, give
the dominant contribution to the amplitude. This fact was shown in the computation done in [31]
and can also be shown in the present case. Thus, in the Regge limit, the full diagram is given by
Aab(yi) =
i4
2
∫
M4
dz1dz3dz2dz4
〈
ja(y1)j
b(y3)g
A
−(z1)g
A
−(z3)
〉
(68)
D−+
AA¯
(z1, z2)D
−+
AA¯
(z3, z4)
〈
gA¯+(z2)g
A¯
+(z4)O(y2)O(y4)
〉
,
where gAc (z) is the gluon vector current operator, determining the coupling between the gluons and
the other internal lines of the diagram. We already see that the amplitude will factorise as a product
of the two impact factors and the BFKL propagator, with the impact factors related to four-point
functions involving the external operators and the gluon current operator gAc (z).
To express the amplitude in the position space BFKL form (41), and in particular to compute
the impact factor V mn for vector current operators, we need to consider the Poincare´ patches P1
and P3, where the points x1 and x3 are close to the respective origin, as discussed early in section
2. We perform the conformal transformation (2) from the external points y1 and y3 to x1 and x3,
and also on the internal points z1 and z3, which become (i = 1, 3)
wi =
(
w+i , w
−
i , wi⊥
)
= − 1
z+i
(
1, z2i , zi⊥
)
. (69)
The current operator gAc (z) transforms as
gAc (z) = (w
+)2
∂wp
∂zc
gAp (w) ,
33
so that, since ∂z− = ∂w− , we have
gA−(z) = (w
+)2 gA−(w) .
Thus, dropping the factors from the transformation of the external vectors ja(y1) and j
b(y3), which
give the transformation rule between Aab(yi) and A
mn(xi), the four-point function in (68) associated
to the impact factor V mn becomes
(w+1 )
2(w+3 )
2
〈
jm(x1)j
n(x3)g
A
−(w1)g
A
−(w3)
〉
.
Next we need to take care of the integration in w1 and w3. We shall parameterize wi using the
components of zi in the central Poincare´ patch, as given by (69). Thus, the integration measure for
each internal point is still given by ∫
dz+i
2
dz−i dzi⊥ .
Considering also the conformal transformation of the internal points z2 and z4 to the points
w2 and w4 in patches P2 and P4, it is now clear, starting from (68), that the reduced amplitude
Amn(x, x¯) as the following form
Amn(x, x¯) =
∫
dz1⊥ dz3⊥
(z13)2
dz2⊥ dz4⊥
(z24)2(−x2)3 (z13)2 ∫ dz−1
(z+1 )
2
dz−3
(z+3 )
2
〈
jm(x1)j
n(x3)g
A
−(w1)g
A
−(w3)
〉
(−x¯2)∆ (z24)2 ∫ dz+2
(z−2 )2
dz+4
(z−4 )2
〈
gA¯+(w2)g
A¯
+(w4)O(x2)O(x4)
〉
1
2
∫
dz+1
2
dz−2
2
D−+
AA¯
(z1, z2)
∫
dz+3
2
dz−4
2
D−+
AA¯
(z3, z4) , (70)
where zij = (zi⊥ − zi⊥)2 and the wi are parameterized by the components of zi. We moved the
integration in z+1 , z
+
3 , z
−
2 and z
−
4 to the last line of this equation because, as we shall see in the
explicit computations presented below, in the Regge limit it contains all the dependence in these
variables. We also kept the expressions of the gluon propagators in terms of the zi in the central
Poincare´ patch.
The last line of (70) gives the leading order BFKL propagator, as represented in figure 6. This
can be derived by first noting that, in the Regge limit, the integrals in the second and third line
of (70) are dominated by poles located at z−1 ' 0, z−3 ' 0, z+2 ' 0 and z+4 ' 0. Physically this
corresponds, for instance, to the on-shell propagation of the fields created at x1 by the operator
jm(x1) and annihilated at x3 by jn(x3), with the emission of two soft gluons at z1 and z3. Computing
the gluon propagators at these poles gives the two gluon transverse propagator [31]
− g
4
YM
(8pi)2
D(A) 2 ln z12 ln z34 ,
where D(A) is the dimension of the adjoint representation of the gauge group and where we used
the conventions introduced in the next section for the gluon propagator in the Feynman gauge,
〈AAc (z)ABd (0)〉 =
g2YM
4pi2
δABηcd
z2 + i
. (71)
34
To match the convention (42) for the two–gluon leading propagator, we shall multiply, at the end
of the computation, the expression (73) used to compute the impact factor by
k = N
g2YM
8pi
√
D(A) , (72)
where the extra factor of N comes from our convention on planar amplitudes (41) which explicitly
shows an overall factor of N−2.
The second and third line of (70) give, respectively, the impact factor for the current and scalar
operators. Focusing on the current operator, we have
V mn =
(−x2)3 (z13)2 σ21σ23 ∫ dλ1dλ3〈jm(x1)jn(x3)gA−(w1)gA−(w3)〉 , (73)
where we rewrote (69) as
wi = σi zi + λi n , (74)
with
zi =
(
1, z2i⊥, zi⊥
)
, n = (0, 1, 0) .
This is the main formula of this section that we will use below to compute in a simple manner the
impact factor for different theories. First let us warn the reader that we started in the beginning
of this section by using zi to denote the space-time points in the central Poincare´ patch where the
gluons were emitted. The light-cone components of these space-time points are now denoted by
σi = w
+
i and λi = w
−
i −w2i⊥/w+i . Unless otherwise stated, from now on we redefine zi =
(
1, z2i⊥, zi⊥
)
to be the above null vector, exactly as in section 4. This slight abuse of notation is justified by the
fact that the relevant transverse parts coincide, as the final expressions depend only on the gluon
positions zi⊥ in transverse space R2. Using the canonical Poincare´ slice of the light–cone given by
the above form of zi, we shall see that our expressions for the impact factor are invariant under the
rescallings zi → αzi, with α > 0, therefore rendering manifest the transverse conformal invariance.
Formula (73) reduces the computation of the impact factor to the integral of a four-point function
involving the external and the gluon current operators. A word of caution is however necessary, since
this four-point function includes operators placed at different Poincare´ patches. We shall see in the
next sections that the use of the i-prescription for the propagators between points in the patches
P1 and P3, as given in the beginning of section 2, is crucial. This is already clear from figure 7,
which shows the Feynman diagrams that contribute to the impact factor in leading order, since the
internal space-time points wi may be in either of the Poincare´ patches P1 and P3. More precisely,
when w+i > 0 (z
+
i < 0) we have wi ∈ P1, and when w+i < 0 (z+i > 0) we have wi ∈ P3. Thus, one
needs to be careful when writing free propagators involving x1 ∈ P1, x3 ∈ P3 and wi ∈ P1 ∪ P3.
Finally we will normalize the current operators such that their two-point function, between
x1 ∈ P1 and x3 ∈ P3, is given by
〈jm(x1)jn(x3)〉 = 1(
x2 − ix
)3 [ηmn − 2 xmxnx2 − ix
]
, (75)
where x = x1−x3 and x =  sgn(x0) gives the i-prescription for propagators between points in P1
and P3.
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Figure 7: Perturbative expansion of the four-point function necessary to compute the impact factor.
Two gluons are emitted in a color singlet at points w1 and w3, which may be in either of the Poincare´
patches P1 and P3.
5.1 Impact factor for a Weyl fermion
We start with the computation of the impact factor for a Weyl fermion in an arbitrary representation
R of a gauge group. It will then be trivial to obtain the impact factor for a massless quark in QCD.
The Lagrangian is
1
g2YM
∫
d4y
(
−1
2
Tr (FmnF
mn)− i ψ¯i /Dijψj
)
,
with Fmn = ∂mAn−∂nAm−i [Am, An] and /Dijψj = γm
(
δij∂m − iTAijAAm
)
ψj . The gamma matrices
obey the algebra {γm, γn} = 2ηmn. We shall use i, j, · · · indices for an arbitrary representation R of
the gauge group with dimension D(R), while A,B, · · · are the indices for the adjoint representation
with dimension D(A). The gauge field (Am)ij = A
A
mT
A
ij is in the adjoint representation, so that the
TAij are the basis of D(A) generators in the fundamental representation (here i and j are fundamental
and anti-fundamental color indices). For an arbitrary representation the generators are chosen with
the normalisation
Tr
(
TATB
)
= C(R) δAB ,
where C(R) is the first Casimir of that representation. We also have
TAij T
A
jk = C2(R) δik ,
where
C2(R) =
D(A)
D(R)
C(R) ,
is the second Casimir. Finally the structure functions fABC are defined as usual as[
TA, TB
]
= ifABCTC ,
and satisfy
fACDfBCD = C(A) δAB .
In what follows we shall be interested in both the fundamental and the adjoint representation of
the SU(N) gauge group, for which we respectively have
C(F ) =
1
2
, C2(F ) =
N2 − 1
2N
, D(F ) = N ,
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and
C(A) = N , C2(A) = N , D(A) = N
2 − 1 .
With the above conventions the free propagator for the gluon field is given in (71), while for the
Weyl fermion it is
〈ψi(w) ψ¯j(0)〉 = g
2
YM
4pi2
1 + γ˜
2
i/∂w
δij
w2 + i
, (76)
where γ˜ = iγ0 · · · γ4 is the chirality matrix. Notice that we wrote here the propagator between two
points in the same patch. If w is in the patch P1 and the other point is at the origin of P3, we have
〈ψi(w) ψ¯j(0)〉 = g
2
YM
4pi2
1 + γ˜
2
i/∂w
δij
w2 − iw , (77)
where w =  sgn(w
0). The current operator, describing the coupling of the fermion to an external
U(1) gauge field, is
jm(x) = c ψ¯i(x)γmψi(x) , (78)
where the overall constant
c =
4pi2
g2YM
1√
2D(R)
(79)
is determined by the two-point function normalization (75). The coupling to the gluon field ηpqAAq
reads
gAp (w) = −
1
g2YM
ψ¯iγpψj T
A
ij . (80)
We are now ready to compute the impact factor V mn using (73). First we consider the contri-
bution of the diagram in figure 7a to the four-point function in (73) with the wi parameterized by
(74). We start with the case of σ1 = w
+
1 > 0 and σ3 = w
+
3 > 0, so that both points are in the patch
P1. We may also set x = x1 and x3 = 0. A simple computation gives
〈jm(x)jn(0)gA−(w1)gB−(w3)〉 = −c2
(
− 1
g2YM
)2
TAij T
B
ji
Tr
{
γm 〈ψ(x) ψ¯(w1)〉 γ− 〈ψ(w1) ψ¯(0)〉 γn 〈ψ(0) ψ¯(w3)〉 γ− 〈ψ(w3) ψ¯(x)〉
}
,
where the trace in this expression acts on the Dirac indices and the overall minus sign comes from
permuting the field ψ¯(x) through all the other fields when applying Wick’s theorem. The fermionic
propagators have no color indices, which have already been taken care by the term TAij T
B
ji =
C(R) δAB. Dropping the colour delta function δAB, which was already included in the computation
of the BFKL propagator, the contribution of the diagram in figure 7a to the impact factor is
− c
2
g4YM
C(R)
(
g2YM
4pi2
)4 (−x2)3 (z13)2 σ21σ23 ∫ dλ1dλ3
Tr
{
γm /∂x
1
(x− w1)2 + i γ−
/∂w1
1
(w1)2 − iw1
(81)
γn
(−/∂w3) 1(w3)2 − iw3 γ− /∂w3 1(w3 − x)2 + i 1− γ˜2
}
,
where we recall that the wi are parametrised as in (74). Now we look at the integration of the
second line of this equation
σ21
∫
dλ1 4γmγaγ−γb
(x− σ1z1 − λ1n)a(σ1z1 + λ1n)b(
(x− σ1z1 − λ1n)2 + i
)2(
(σ1z1 + λ1n)2 − iw1
)2 .
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This integral has two double poles located at
λ1 ' −2x · z1 + i ,
λ1 = −iw1 = −i ,
where we set w1 =  because at λ1 = 0 we have w
−
1 = w
2
1⊥/w
+ > 0 and therefore w01 > 0. We
conclude that one pole is in the lower half plane and the other in the upper half plane. Thus,
deforming the λ1 contour of integration in the lower half plane, we obtain
(−2pii) 4γmγaγ−γb ∂λ1
(x− σ1z1 − λ1n)a(σ1z1 + λ1n)b(
(x− σ1z1 − λ1n)2
)2
∣∣∣∣∣
λ1=0
.
We note that the derivative of the numerator does not contribute because (γ−)2 = 0. A simple
computation shows that, in the Regge limit of small x, we obtain
16pii γmγaγ−γb
za1z
b
1
(−2x · z1)3 .
At this point we realize that the result is independent of w+1 = β1, as anticipated in the previous
section. Also, one could repeat the same computation with w+1 < 0 and/or w
+
3 < 0, so that one
point and/or both would be in the patch P3, obtaining the same result. Using the fact that z1 is a
null vector, the previous equation simplifies to
32pii γmγa η−b
za1z
b
1
(−2x · z1)3 = −16pii γmγa
za1
(−2x · z1)3 .
Doing in an entirely similar way the integration of the last line in (81), the contribution of the
diagram in figure 7a to the impact factor is given by
k c2C(R)
g4YM
pi6
(−x2)3 (z13)2 Tr{γmγaγnγb 1− γ˜
2
}
za1z
b
3
(−2x · z1)3(−2x · z3)3 ,
where we multiplied by the factor k in (72) to match with our conventions for the BFKL propaga-
tor. Using the identity Tr {γmγaγnγb} = 4(ηmaηnb + ηmbηna − ηmnηab), and noting that the term
containing Tr {γmγaγnγbγ˜} = −4imanb will not contribute since the final answer must be invariant
under the exchange x1 ↔ x3 and m↔ n, the previous equation simplifies to
k c2C(R)
g4YM
pi6
u3
(
ηmn + 2
zm1 z
n
3 + z
n
1 z
m
3
z13
)
.
Writing the result in terms of the tensor structures defined in (46), we conclude that the diagram
in figure 7a contributes to the impact factor with
k c2C(R)
g4YM
pi6
u3
(
Imn1 + 2Imn5
)
.
A simple check shows that this expression satisfies the current conservation conditions (56).
The contribution of the diagrams in figures 7b and 7c to the impact factor is proportional to a
delta function δ(u). For the sake of clarity we compute these diagrams in appendix E. Including
these extra terms, the final result for the impact factor of a Weyl fermion in a representation R of
the colour gauge group is
V mnfermion(x, z1, z3) = a
[
u3
(
Imn1 + 2Imn5
)
+
u2δ(u)
2
(
Imn1 + Imn3
)]
, (82)
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with
a = k c2C(R)
g4YM
pi6
=
N√
D(A)
C2(R)g
2
YM
pi3
' C2(R)g
2
YM
pi3
, (83)
where we took the large N limit in the last step.
Let us remark that the role of the terms with a delta function is to enforce the IR finiteness
condition (43). In fact, contracting the above impact factor with ηmn, xmxn, xmzn3 and z
m
3 z
n
3 , it is
simple to verify that this condition is indeed satisfied.
5.2 Impact factor for a massless quark in QCD
From the result of the previous section it is trivial to compute the impact factor for the electro-
magnetic current operator in QCD jm = cψ¯γmψ, since a massless quark is equivalent to two Weyl
fermions. The constant c computed from the normalisation of the current two-point function is now
c =
2pi2
g2YM
1√
D(F )
.
The impact factor is again given by (82) with the overall constant a given by
a =
g2YM
√
N2 − 1
2pi3
' g
2
2pi3
,
where g2 = g2YMN is the ’t Hooft coupling.
5.3 Impact factor for a complex scalar field
Now we wish to compute the impact factor for a charged complex scalar field in an arbitrary
representation R of the gauge group. At the end of the computation, and also using the results
of section 5.1, it will be simple to determine the impact factor for the R-current of N = 4 SYM
theory. We compute the impact factor for a theory with Lagrangian
1
g2YM
∫
d4y
(
−1
2
Tr (FmnF
mn)− (DmZ)i(DmZ¯)i
)
,
where (DmZ)i =
(
δij∂m − iTAijAAm
)
Zj . With these conventions the free propagator for the scalar
field is
〈Zi(w)Z¯j(0)〉 = g
2
YM
4pi2
δij
w2 + i
, (84)
when both points are in the same Poincare´ patches. If w is in the patch P1 and the other point is
at the origin of P3, we have
〈Zi(w)Z¯j(0)〉 = g
2
YM
4pi2
δij
w2 − iw . (85)
The current operator is simply given by
jm(x) = c iZ¯i
←→
DmZi = c
(
iZ¯i
←→
∂mZi + 2A
A
mT
A
ij Z¯iZj
)
, (86)
where the constant c is again given by (79). To leading order in perturbation theory we may set
jm(x) = c Z¯i
←→
∂mZi. Finally, the coupling to the gluon field η
pqAAq reads
gAp (w) = −
i
g2YM
Z¯i
←→
∂pZj T
A
ij . (87)
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We consider first the contribution of the diagram in figure 7a to the impact factor. Again we
start with the case w+1 > 0 and w
+
3 > 0, so that both points are in the patch P1. The final result
is independent of this choice. A simple computation gives
〈jm(x1)jn(x3)gA−(w1)gA−(w3)〉 = −c2
(
− i
g2YM
)2
TAij T
B
ji
〈Z(x1)Z¯(w1)〉←→∂w−1 〈Z(w1)Z¯(x3)〉(−
←→
∂xm1 )
←→
∂xn3 〈Z(x3)Z¯(w3)〉
←→
∂w−3
〈Z(w3)Z¯(x1)〉 ,
where the propagators have no color indices, already included in the term TAij T
B
ji = C(R) δ
AB. We
conclude that the contribution of this diagram to the impact factor is
− c
2
g4YM
C(R)
(
g2YM
4pi2
)4 (−x2)3 (z13)2 σ21σ23 ∫ dλ1dλ3(
1
(x1 − w1)2 + i
←→
∂w−1
1
(w1 − x3)2 − iw1−x3
)←→
∂xm1
←→
∂xn3 (88)(
1
(x3 − w3)2 − iw3−x3
←→
∂w−3
1
(w3 − x1)2 + i
)
,
Now we look at the integration of the term in curved parenthesis in the second line of this equation
σ21
∫
dλ1
(
1
(x1 − σ1z1 − λ1n)2 + i
←→
∂λ1
1
(x3 − σ1z1 − λ1n)2 − iw1−x3
)
.
This integral has poles located at
λ1 ' −2x1 · z1 + i ,
λ1 ' −2x3 · z1 − iw1−x3 = −2x3 · z1 − i ,
where again at the second pole w1−x3 = . Thus, deforming the λ1 contour of integration in the
lower half plane, we obtain
4pii
(−2(x1 − x3) · z1)2
.
A similar argument can be done to integrate the last line of (88), with a similar result up to a minus
sign. Recalling that x ≈ x1 − x3, we conclude that the contribution of the diagram in figure 7a to
the impact factor is
k c2C(R)
g4YM
16pi6
(−x2)3 (z13)2( 1
(−2x · z1)2
←→
∂xm
←→
∂xn
1
(−2x · z3)2
)
,
which can be simplified to
k c2C(R)
g4YM
pi6
u2
[
3
2
(
z1mz1n(−x2)
(−2x · z1)2 +
z3mz3n(−x2)
(−2x · z3)2
)
− u z1mz3n + z3mz1n
z13
]
.
Expressing the result in terms of the tensor structures defined in (46), we have then
k c2C(R)
g4YM
pi6
u2
(
3
2
Imn4 − u Imn5
)
,
which obeys the conservation conditions (56).
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Again, the contribution from the diagrams in figures 7b and 7c is proportional to δ(u) and is
presented in appendix E. Including these extra terms, the final result for the impact factor of a
complex scalar field in a representation R of the colour gauge group is
V mnscalar(x, z1, z3) = a
[
u2
(
3
2
Imn4 − u Imn5
)
+
u2δ(u)
2
(
1
4
Imn1 − Imn2 +
3
2
Imn3 − 3 Imn4
)]
, (89)
where a is given in (83). A simple computation shows that this impact factor correctly enforces the
IR finiteness condition (43).
5.4 Impact factor in N = 4 SYM
Four-dimensional N = 4 SYM can be obtained from dimensional reduction of ten-dimensional
N = 1 SYM. We start by considering a convenient reduction of the ten-dimensional Dirac matrices.
We will denote with γa and with Γα, respectively, the SO(3, 1) and SO(6) Dirac matrices, satisfying
[γa, γb] = 2ηab , [Γα,Γβ] = 2δαβ ,
where we use Greek indices α, β, · · · for the internal directions. We will choose a Majorana basis
where the γa are 4×4 purely real matrices and the Γα are 8×8 purely imaginary matrices. Moreover
we will denote the imaginary chirality matrices as
γ˜ = iγ0 · · · γ3 , Γ˜ = −iΓ1 · · ·Γ6 .
With the above conventions we can define the real SO(9, 1) Dirac matrices as
γa ⊗ 1 , γ˜ ⊗ Γα .
The ten-dimensional chirality matrix is then given by γ˜ ⊗ Γ˜ ≡ γ˜Γ˜.
Our starting point is a ten-dimensional Weyl-Majorana spinor λ,
γ˜Γ˜λ = λ , λ? = λ .
This spinor can be written as a Weyl-Weyl spinor of SO(3, 1)× SO(6). In fact, defining
ψ =
1 + γ˜
2
1 + Γ˜
2
λ ,
it is clear that λ = ψ + ψ?. It is now an exercise to show that the reduction of ten-dimensional
N = 1 SYM yields the following action for the N = 4 theory
1
g2YM
∫
d4yTr
(
− 1
2
FmnF
mn −DmφαDmφα + 1
2
[φα, φβ]
2
− 2iψ¯γ ·Dψ − ψΓα [φα, ψ] + ψ¯Γα
[
φα, ψ¯
] )
,
where the last two fermionic bilinears are defined by ψΓαψ = ψTγ0Γαψ and ψ¯Γαψ¯ = ψ†γ0Γαψ?. The
covariant derivative is defined by Dm = ∂m− i[Am, ]. All fields are in the adjoint representation of
the colour gauge group, for instance (ψA)ij = ψ
ATAij , with i and j fundamental and anti-fundamental
colour indices. It is therefore trivial to make direct contact with the notation of sections 5.1 and 5.3,
which considered an arbitrary representation of the gauge group. In particular, the contribution of
the Weyl fermion and scalar fields to the impact factor of the R-current can be readily determined
from the results of those sections.
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It is simple to verify that the Weyl fermion propagator
〈
ψA(w)ψ¯B(0)
〉
is exactly given by those
in (76) and (77) for a field in the adjoint representation. Also, defining the complex scalar field
Z =
1√
2
(φ1 + iφ2) ,
the expressions for the propagator
〈
ZA(w)Z¯B(0)
〉
exactly match those in (84) and (85).
The above action is invariant under the global SO(6) R-symmetry, with transformation
δφα = ωαβφ
β , δψ =
1
4
ωαβΓ
αβψ ,
where
Γαβ =
1
2
[
Γα,Γβ
]
.
The corresponding conserved R-current reads
jαβm (x) = cTr
(
−φα←→Dmφβ + i
2
ψ¯γmΓ
αβψ
)
.
In the following we shall consider the 12 component of this current, which is given by
jm(x) = j
12
m (x) = cTr
(
iZ¯
←→
DmZ +
i
2
ψ¯γmΓ
12ψ
)
.
Both terms have exactly the same form as those in (78) and (86), except for the factor of i/2 and
the generator Γ12 in the fermionic piece. The computation of the R-current two-point function is
similar to that of a Weyl fermion and a complex scalar. For the Weyl fermion, the difference with
respect to section 5.1 is a factor of (i/2)2 times a factor from the generators of the R-current of
Tr
(
Γ12Γ12
1 + Γ˜
2
)
= −4 ,
which gives unit. Taking this fact into account the normalisation of the two-point function fixes the
constant c to be
c =
2pi2
g2YM
√
N2 − 1 .
Finally, the coupling to the gluon field ηpqAAq reads
gAp (w) = −
1
g2YM
Z¯B
←→
∂pZ
CfABC +
i
g2YM
ψ¯BγpψCf
ABC ,
which, recalling that fABC = iTABC for adjoint fields, exactly reproduces the sum of (80) and (87).
It is now trivial to import the results of sections 5.1 and 5.3 to determine the R-current impact
factor. Again the only difference is the computation of the fermionic contribution, with the same
factor of (i/2)2 times −4 from the trace of the generators of the R-current. We conclude that the
R-current impact factor is given by
V mn = V mnscalar + V
mn
fermion ,
with each term given by (82) and (89). In this case the overall constant
a =
N2√
N2 − 1
g2YM
2pi3
' g
2
2pi3
,
where g2 = g2YMN is the ’t Hooft coupling.
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5.5 Spin 0 and Spin 2 components
In this section we shall decompose the fermion and scalar impact factors (82) and (89) in their spin
0 and spin 2 components. We follow the general procedure explained in section 4.5 to determine the
functions Sk(µ) and T (µ) in the Fourier decomposition (48) and (51), which enter the expression
for the amplitude in its Regge form.
First we consider the impact factor for a Weyl fermion given by (82). Following section 4.5, the
scalar functions Sk(u), as given by (65) and (66), are
S1 =
1
3
u2 +
1
3
u3 , S2 = −u2 + u3 , S3 = u
2
4
,
(∇2 − 3)S4 = −1
4
u2 +
1
2
u3 ,
where we dropped the overall factor of a. It is convenient to normalise the transform Sk(ν) in the
expansion (48) with respect to the transform of u2 as
Sk(ν) =
2pi3
cosh
(
piν
2
) sk(ν) . (90)
Then we have
s1 =
ν2 + 25
48
, s2 =
ν2 − 7
16
, s3 =
1
4
, s4 = − 1
32
ν2 + 1
ν2 + 4
,
which satisfy the algebraic current conservation conditions (54). To determine the spin 2 component,
first we compute the Cotton function C(u) as given by (67),
C = 18u3(1− u)(1− 2u) .
Then the transform in (51) is given by
T = − 2pi
3
cosh
(
piν
2
) (1 + ν2)2 (9 + ν2)
256 (4 + ν2)
.
Next we consider the impact factor for a complex scalar given by (82). Again dropping the
overall factor of a, the scalar functions given by (65) and (66) are
S1 =
1
12
u2 − 1
3
u3 , S2 = −1
4
u2 , S3 =
u2
16
,
(∇2 − 3)S4 = − 1
16
u2 +
1
2
u3 .
With the normalisation (90), the transforms in (48) are given by
s1 =
ν2 + 13
48
, s2 = −1
4
, s3 =
1
16
, s4 = − 1
32
ν2 + 7
ν2 + 4
,
which satisfy the algebraic current conservation conditions (54). Finally, the Cotton function C(u)
in (67) is
C = −18u3(1− u)(1− 2u) ,
which leads to
T =
2pi3
cosh
(
piν
2
) (1 + ν2)2 (9 + ν2)
256 (4 + ν2)
.
43
6 A conjecture and concluding remarks
Looking at the R-current impact factor computed in section 5.4 and at the transverse spin 2 com-
ponents for a Weyl fermion and a complex scalar field just computed, we conclude that the spin 2
component of the R-current impact factor vanishes. The R-current impact factor only has overlap
with the spin 0 component of the BFKL kernel, which is dual to the graviton Regge trajectory.
Other current impact factors in N = 4 SYM, that are not half-BPS operators, will in general have
a spin 2 component. We believe this cancelation is related to supersymmetry and should hold to all
operators that are dual to the supergravity multiplet. We are then led to the following conjecture:
half-BPS single-trace operators in N = 4 SYM have impact factors with zero transverse conformal
spin. We checked this conjecture for the R-current operator and to leading order in the coupling
constant. At strong coupling, in the gravity approximation, this is also true since in this limit
all strings states are decoupled and we are only left with the supergravity multiplet. It would be
interesting to check this conjecture at one-loop order in the computation of the impact factor.
Next to leading order corrections to the impact factor of scalars operators have been studied
recently in [49]. A scheme to renormalize the impact factors was presented, while preserving con-
formal invariance. In general we expect the amplitude to have the following form, for any value of
the coupling,
Amn(x, x¯) '− 1
N2
∫
∂H3
dz1dz3
(z13)
2
dz2dz4
(z24)
2 Vmn(x, z1, z3) F (z1, z3, z2, z4, σ) V¯ (x¯, z2, z4) ,
where σ = |x||x¯|. In this expression the pomeron propagator depends on σ. Its decomposition in
conformal partial waves, as given by (44), will now include a factor of σ1−j(ν,n). The impact factor
V mn depends on functions of the cross ratio u, which also depend on the coupling constant. In the
case of N = 4 SYM, the expression above assumes a renormalization scheme that does not break
conformal invariance of the impact factors, order by order in perturbation theory.
Expression (73) gives the weak coupling impact factor in terms of a four-point function of the
external currents and the gluonic current that couples to the exchanged gluons. If a similar form
of the impact factor can be generalized for any coupling (possibly by using lightlike Wilson line
operators [50, 51]), then we can try to compute the impact factor at higher orders in perturbation
theory. The next-to-leading order has been recently obtained in [49]. Another important related
open question is the nature of the impact factors at strong coupling. If we can find a definition of
the impact factor compatible with conformal symmetry for all values of the coupling then we can
hope that the integrability of N = 4 SYM will be enough to determine it. The simplicity of the
weak coupling result certainly points in this direction.
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A Some Fourier transforms
In this appendix we compute some Fourier transforms used in section 2. We start by
Bmn(p, p¯) =
1
pi8
∫
dxdx¯ e2ip ·x+2ip¯ · x¯Amn(x, x¯) , (91)
with Amn(x, x¯) given by the Regge form (13). It is convenient to rewrite (13) as
Amn(x, x¯) ≈ −2pii
∫
dν
4∑
k=0
αk(ν)x
2Dmnk
Ωiν(ρ)
(x2 − ix)ξ+
j(ν)+1
2 (x¯2 − ix¯)∆+
j(ν)−1
2
,
where in this equation we redefined the operators Dmnk by
x2Dmn1 = x2ηmn − xmxn ,
x2Dmn2 = xmxn ,
x2Dmn3 = x2 (xm∂n + xn∂m)− 2xmxnx · ∂ ,
x2Dmn4 = x4∂n∂m − x2xq (xm∂n + xn∂m) ∂q
− 1
3
(
x2ηmn − xmxn)x2∂2 + 1
3
(
x2ηmn + 2xnxm
)
xqxs∂q∂s ,
so that they commute with any function of x2. One can then use integration by parts in (91) to
write
Bmn(p, p¯) ≈ − 2pii
∫
dν
4∑
k=0
αk(ν)D˜mnk
1
pi8
∫
dxdx¯
e2ix · p+2ix¯ · p¯ Ωiν(ρ)
(x2 − ix)ξ+
j(ν)+1
2 (x¯2 − ix¯)∆+
j(ν)−1
2
, (92)
where
−4D˜mn1 = ηmn∂ˆ2 − ∂ˆm∂ˆn ,
−4D˜mn2 = ∂ˆm∂ˆn ,
−4D˜mn3 = − ∂ˆ2
(
∂ˆnpm + ∂ˆmpn
)
+ 2∂ˆm∂ˆn∂ˆ · p ,
−4D˜mn4 = ∂ˆ4pnpm − ∂ˆ2∂ˆs
(
∂ˆnpm + ∂ˆmpn
)
ps
− 1
3
∂ˆ2
(
ηmn∂ˆ2 − ∂ˆm∂ˆn
)
p2 +
1
3
∂ˆs∂ˆq
(
ηmn∂ˆ2 + 2∂ˆm∂ˆn
)
pspq ,
and ∂ˆn =
∂
∂pn
. The scalar integral in the second line of (92) can be done explicitly. First notice that
the i-prescription implies that the integral vanishes if either p or p¯ is spacelike or past-directed.
We can then write
1
pi8
∫
dxdx¯
e2ix · p+2ix¯ · p¯ Ωiν(ρ)
(x2 − ix)ξ+
j(ν)+1
2 (x¯2 − ix¯)∆+
j(ν)−1
2
=
θ(p0)θ(−p2)θ(p¯0)θ(−p¯2)G (e · e¯)
(−p2)2−ξ− j(ν)+12 (−p¯2)2−∆− j(ν)−12
,
just using Lorentz invariance and scaling. Performing a Fourier transform we have
Ωiν(ρ)
(x2 − ix)ξ+
j(ν)+1
2 (x¯2 − ix¯)∆+
j(ν)−1
2
=
∫
M
dpdp¯
e−2ix · p−2ix¯ · p¯G (e · e¯)
(−p2)2−ξ− j(ν)+12 (−p¯2)2−∆− j(ν)−12
,
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where we denote by M the future light-cone or Milne wedge. To determine the function G it is
sufficient to consider future directed x and x¯. In this case, after integrating over E and E¯ (recall
that p = E e) we find
Ωiν(ρ) =
∫
H3
dede¯
Γ(2ξ + j(ν) + 1)Γ(2∆ + j(ν)− 1)G (e · e¯)
(−2e ·x/|x|)2ξ+j(ν)+1 (−2e¯ · x¯/|x¯|)2∆+j(ν)−1
.
Each integral is a convolution of radial functions on H3 that is easily done using the harmonic
basis [40]. This gives G (e · e¯) = ζ(ν) Ωiν(L), with
ζ(ν) =
4
pi2Γ
(
2ξ+j(ν)+iν
2
)
Γ
(
2ξ+j(ν)−iν
2
)
Γ
(
2∆+j(ν)−2+iν
2
)
Γ
(
2∆+j(ν)−2−iν
2
) .
We may now return to (92) to find
Bmn(p, p¯) ≈ −2pii
∫
dν
4∑
k=0
αk(ν)D˜mnk
ζ(ν) Ωiν(L)
(−p2)2−ξ− j(ν)+12 (−p¯2)2−∆− j(ν)−12
.
With long but trivial manipulations we can rewrite the operators D˜ in the following convenient
form
−4p2D˜mn1 = ηmnp2∂ˆ2 − p2∂ˆm∂ˆn ,
−4p2D˜mn2 = p2∂ˆm∂ˆn ,
−4p2D˜mn3 = −
(
pm∂ˆn + pn∂ˆm
)
p2∂ˆ2 − 2
(
ηmn − 2p
npm
p2
)
p2∂ˆ2
+ 2p2∂ˆm∂ˆn
(
p · ∂ˆ + 2
)
,
−4p2D˜mn4 =
pnpm
p2
(
p2∂ˆ2 + 4
)
p2∂ˆ2 −
(
pm∂ˆn + pn∂ˆm
)
p2∂ˆ2
(
p · ∂ˆ + 1
)
+
1
3
p2∂ˆm∂ˆn
[
p2∂ˆ2 + 2(p · ∂ˆ)2 + 10p · ∂ˆ + 12
]
− 1
3
ηmnp2∂ˆ2
[
p2∂ˆ2 − (p · ∂ˆ)2 + p · ∂ˆ + 6
]
,
so that the commuting operators p · ∂ˆ and p2∂ˆ2 can be traded by their eigenvalues,
p · ∂ˆ → 2ξ + j(ν)− 3 ,
p2∂ˆ2 =
(
p · ∂ˆ
)2
+ 2p · ∂ˆ −∇2 → (2ξ + j(ν)− 3)(2ξ + j(ν)− 1)+ 1 + ν2 ,
where ∇2 is the laplacian on the three-dimensional hyperboloid p2 = −1. It is then a trivial
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computation to obtain the form (15) with7
4β1(ν)
ζ(ν)
=−
(
j2 + (4ξ − 5)j + 2
3
(
ν2 + 3ξ(2ξ − 5) + 10))α1 − 1
3
(
ν2 + 3j + 6ξ − 8)α2
− 2
3
(j + 2ξ − 4) (ν2 + 1)α3 + 2
9
(
ν4 + 5ν2 + 4
)
α4 ,
4β2(ν)
ζ(ν)
=− (ν2 + 3j + 6ξ − 8)α1 − (j + 2ξ − 4) (j + 2ξ − 3)α2
+ 2(j + 2ξ − 4) (ν2 + 1)α3 − 2
3
(
ν4 + 5ν2 + 4
)
α4 ,
4β3(ν)
ζ(ν)
=− (−j − 2ξ + 4)α1 − (j + 2ξ − 4)α2 −
(
j2 + (4ξ − 6)j − ν2 + 4(ξ − 3)ξ + 4)α3
+
2
3
(j + 2ξ − 1) (ν2 + 4)α4 ,
4β4(ν)
ζ(ν)
=α1 − α2 − 2 (j + 2ξ − 1)α3 −
(
j2 + (4ξ − 2)j + 1
3
(
ν2 + 12(ξ − 1)ξ + 4))α4 .
The conservation condition pmB
mn implies that β2 = β3 = 0. This is equivalent to the conditions
(recall that ξ = 3 for a conserved current)
0 = 3α1(ν) + (j(ν) + 2)α2(ν)−
(
ν2 + 1
)
α3(ν) ,
0 = 3α1(ν)− 3 (j(ν) + 1)α3(ν) + 2
(
ν2 + 4
)
α4(ν) ,
in agreement with (54) for the case j(ν) = 1.
A.1 Wave functions Fi
We now turn to the computation of the functions Fi defined in section 2.1. Let us consider, for
instance, the integral over y4 ∫
dy4 (y
−
4 )
−∆ eik4 · y4+2ip¯ ·x4 .
Using (3) we find
2p¯ ·x4 = −E¯
r¯
y+4 +
E¯
r¯y−4
[
r¯2 + (y4⊥ − e¯⊥)2
]
,
which allows us to do the y4 integral explicitly and obtain
8∫
dy4 (y
−
4 )
−∆ eik4 · y4+2ip¯ ·x4 = 2√pi δ(r¯ω4 − E¯)E¯1−∆ eiq¯⊥ · e¯⊥F4(r¯) ,
where
F4(r¯) = −ipi 32 i∆2∆−2r¯2
(√
k24
)∆−2
K2−∆
(
r¯
√
k24
)
,
with K the modified Bessel function of the second kind. Similarly, the function F2 is defined by∫
dy2 (−y−2 )−∆ eik2 · y2−2ip¯ ·x2 = 2
√
pi δ(r¯ω2 − E¯)E¯1−∆F2(r¯) ,
7We suppressed the argument ν of the functions j(ν) and αk(ν) on the right-hand-side to reduce the size of the
expressions.
8We restrict the integration region to y−4 > 0 because this is the relevant region in the Regge limit.
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which gives
F2(r¯) = ipi
3
2 i−∆2∆−2r¯2
(√
k22
)∆−2
K2−∆
(
r¯
√
k22
)
.
The functions F1 and F3 are more complicated because of the index structure. Consider first∫
dy3 (y
+
3 )
−1−ξ ∂yb3
∂xn3
eik3 · y3+2ip ·x3 = 2√pi δ(rω3 − E)E1−ξ e−iq⊥ · e⊥F b3n(r) .
The exponent reads
ik3 · y3 + 2ip ·x3 = iω3y−3 − i
k23 − q2⊥
4ω3
y+3 − iq⊥ · y3⊥ − i
E
r
y−3 + i
E
ry+3
[
r2 + (y3⊥ − e⊥)2
]
= iy−3
(
ω3 − E
r
)
− iq⊥ · e⊥ − ik
2
3r
4E
y+3 + i
Er
y+3
+ i
E
ry+3
(
y3⊥ − e⊥ − ry
+
3
2E
q⊥
)2
,
where we have used ω3 = E/r, which is enforced after integrating over y
−
3 . The index structure can
be written in matrix form
∂yb3
∂xn3
=
 (y+3 )2 y23⊥ −y+3 y3⊥0 1 0
0 −2y3⊥ y+3
 .
where the indices are ordered as (+,−,⊥) and the index b labels columns and the index n labels
rows. Changing to the integration variable s = −iEr/y+3 we obtain
F b3n(r) =
iξpi
3
2
2E
r3−ξ
∫ ∞
0
ds sξ−2e−s−
k23r
2
4s ×
×
 −
(
Er
s
)2 −( r22sq⊥)2 + r2(1−iq⊥ · e⊥)s + e2⊥ Er32s2 q⊥ + iErs e⊥
0 1 0
0 −2e⊥ + i r2s q⊥ −iErs
 .
The next step is to change the indices to the coordinates pτ = (E, r, e⊥), i.e.
F b3 τ (r) =
∂pn
∂pτ
F b3n(r) .
This gives
F b3 τ (r) =
iξpi
3
2
2
r3−ξ
∫ ∞
0
ds sξ−2e−s−
k23r
2
4s
 −Ers2 rE
(
1 + 1s −
(
r
2sq⊥
)2) r2
2s2
q⊥(
E
s
)2
1− 1s +
(
r
2sq⊥
)2 − Er
2s2
q⊥
0 i rsq⊥ −iEs
 ,
where the index τ labels rows ordered as (E, r, e⊥). Similarly, the function F1 is equal to the complex
conjugate of F3 with q⊥ set to zero and k23 replaced by k21.
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A.2 Structure functions
In the context of DIS, we are interested in the case
ξ = 3 , q⊥ = 0 , k21 = k
2
3 = Q
2 , k22 = k
2
4 = Q¯
2 .
In particular, to determine the structure functions using (21), we need
r2δkl F i1 k(r)F
j
3 l(r) =
pi3
4
Q2r4K21 (Qr) δ
ij ,
F +1 r(r)F
+r
3 (r) = pi
3ω21r
4K20 (Qr) ,
and
F2(r¯)F4(r¯) = pi
322∆−4r¯4Q¯2∆−4K22−∆
(
Q¯r¯
)
.
This gives
γ1(ν) =
[(
4
3
− iν
)
β4(ν)− β1(ν)
]
pi622∆−5
∫
dr r1−iν+j(ν)K21 (r)
∫
dr¯ r¯1+iν+j(ν)K22−∆ (r¯)
= pi722∆−9
[(
4
3
− iν
)
β4(ν)− β1(ν)
] Γ(1 + j(ν)−iν2 )Γ( j(ν)−iν2 )Γ(2 + j(ν)−iν2 )
Γ
(
3+j(ν)−iν
2
)
×
Γ
(
1 + j(ν)+iν2
)
Γ
(
3 + j(ν)+iν2 −∆
)
Γ
(
j(ν)+iν
2 + ∆− 1
)
Γ
(
3+j(ν)+iν
2
) ,
γ2(ν) =
[
β1(ν) +
(
2
3
− 2iν − ν2
)
β4(ν)
]
pi622∆−5
∫
dr r1−iν+j(ν)K20 (r)
∫
dr¯ r¯1+iν+j(ν)K22−∆ (r¯)
= pi722∆−9
[
β1(ν) +
(
2
3
− 2iν − ν2
)
β4(ν)
] Γ3 (1 + j(ν)−iν2 )
Γ
(
3+j(ν)−iν
2
)
×
Γ
(
1 + j(ν)+iν2
)
Γ
(
3 + j(ν)+iν2 −∆
)
Γ
(
j(ν)+iν
2 + ∆− 1
)
Γ
(
3+j(ν)+iν
2
) ,
where the integrals over r and r¯ were evaluated using the identity9∫ ∞
0
dt ta−1Kb(t)2 =
√
pi Γ
(
a
2
)
Γ
(
a
2 − b
)
Γ
(
a
2 + b
)
4 Γ
(
a+1
2
) .
B Regge limit of conformal partial waves
The elementary partial wave GMNν,J (P1, . . . , P4) is given by the integrated product of three-point
functions [45,48] ∫
Rd
dP5E
MNA1...AJ (P1, [1, ξ];P3, [1, ξ];P5, [J, d/2 + iν])× (93)
× EA1...AJ (P2, [0,∆];P4, [0,∆];P5, [J, d/2− iν]) ,
9The integral converges for <(a) > 2|<(b)| and it is defined by analytic continuation otherwise.
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where the first entry in the square brackets denotes the spin of the operator at that point and
the second entry gives its conformal dimension. In the embedding space formalism, the correlation
functions of primary operators are Lorentz covariant and homogeneous functions of the Pi’s with
weights fixed by the conformal dimensions of the operators. The three-point functions are completely
fixed by conformal invariance up to a finite number of undetermined constants.
Our goal in this appendix is to determine the Regge limit of the conformal partial wave
GMNν,J (P1, . . . , P4). More precisely, we want to confirm the small σ behavior (38) of the functions f
k
defined by
GMNν,J (P1, . . . , P4) =
1
P ξ13P
∆
24
∑
k
fkν,J(z, z¯)T
MN
k .
Contracting both sides of this equation with TMNl we obtain
glν,J(z, z¯) =
∑
k
fkν,J(z, z¯)Mkl(z, z¯) ,
where
glν,J(z, z¯) = P
ξ
13P
∆
24 ηMM ′ηNN ′T
M ′N ′
l G
MN
ν,J (P1, . . . , P4) , (94)
Mkl(z, z¯) = ηMM ′ηNN ′TM ′N ′l TMNk .
The matrixMkl is symmetric and can be inverted. It is a simple and tedious computation to show
that
[M−1] (z, z¯) =

O(σ0) O(σ−2) O(σ0) O(σ−1)
O(σ−2) O(σ−4) O(σ−2) O(σ−3)
O(σ0) O(σ−2) O(σ0) O(σ−1)
O(σ−1) O(σ−3) O(σ−1) O(σ−2)
 ,
in the limit σ → 0. Therefore, if we can show that
g1ν,J(z, z¯) ∼ σ1−J , g2ν,J(z, z¯) ∼ σ3−J , (95)
g3ν,J(z, z¯) ∼ σ1−J , g4ν,J(z, z¯) ∼ σ2−J ,
then (38) follows.
In order to verify (95) we used the integral representation (93) and the explicit form of the
three-point functions in the embedding space formalism which we shall explain in detail in [45]. We
implemented the index contractions in Mathematica10 and reduced the expression (94) to a sum of
D-functions,
glν,J(z, z¯) =
∑
{∆i}
Rlν,J({∆i}, Pij)D∆1∆2∆3∆4(P1, . . . , P4) , (96)
where Rlν,J are simple rational functions of the scalar products Pij and
D∆1∆2∆3∆4(P1, . . . , P4) =
∫
Rd
dP5
1
P∆115 P
∆2
25 P
∆3
35 P
∆4
45
, (97)
10We can provide the code to the interested reader.
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with
∑
∆i = d as required by conformal invariance. Since the functions g
l
ν,J are only a function of
the cross ratios, we can use conformal symmetry to fix the form of the external points Pi in (96) to
be
P1 = (1, 0, 0, 0, 0) , P2 = (−z¯, 1, 1, z¯, 0) , (98)
P3 = (−1, z, 1, z, 0) , P4 = (0,−1, 0, 0, 0) ,
where we have split
R2,d = M2 ×M2 × Rd−2 (99)
and used light-cone coordinates for both two dimensional Minkowski factors. The Regge limit is
attained by writing z = σeρ and z¯ = σe−ρ and letting σ → 0 with fixed ρ. We have considered this
limit explicitly for the functions Rlν,J up to J = 3
11 and found
R1ν,J ∼ σ
d
2
−J , R2ν,J ∼ σ2+
d
2
−J ,
R3ν,J ∼ σ
d
2
−J , R4ν,J ∼ σ1+
d
2
−J .
This is compatible with (95) if
D∆1∆2∆3∆4(P1, . . . , P4) ∼ σ1−
d
2 , (100)
for the choice (98) and for small σ. Fortunately, this result can be easily obtained from the definition
(97). First, we parametrize the integration point by
P5 = (y
+, y−, 1, y2, y⊥) ,
where the coordinates correspond to the split (99) and y2 = −y+y−+y2⊥. With this parametrization
the scalar products in (97) simplify to
P15 = y
− , P25 = (1− y−)(z¯ + y+) + y2⊥ ,
P45 = −y+ , P35 = (1 + y+)(z − y−) + y2⊥ .
In the Regge limit, the dominant contribution to the integral in (97) comes from the region y+, y− 
1, which corresponds to P5 almost null related to the external points P1 and P4. Therefore, we can
approximate D∆1∆2∆3∆4 by∫
dy+dy−dy⊥
2(y− + i)∆1(σe−ρ + y+ + y2⊥ + i)∆2(σeρ − y− + y2⊥ + i)∆3(−y+ + i)∆4
.
The change of variables y± → σ y±, y⊥ →
√
σ y⊥ immediately gives the leading behavior (100).
C Some results on the Eν tensor functions
In this appendix we show in detail some results of section 4 that use the embedding formalism to
make the action of the transverse conformal group SO(3, 1) manifest . We shall then consider a
particular section of the light-cone to make contact with results derived by Lipatov [32], who used
complex coordinates on the transverse space R2.
11The running time of our Mathematica code increases very rapidly with J .
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The building blocks in the expansion of the BFKL propagator (44), and also of impact factors,
are the conformal three-point functions of two scalar fields of zero dimension and one symmetric
and traceless spin n field of dimension 1 + iν. Placing the scalars at z1 and z3, and the spin n field
at z7, we have
Ea1···anν (z1, z3, z7) =
(
z13
z17z37
) 1+iν
2
T a1···an(z1, z3, z7) ,
where zi are null vectors in M4 and zij = −2zi · zj . The tensor T has weight zero, is symmetric and
traceless, satisfies the z7 ·T = 0 orthogonality condition
z7aiT
a1···ai···an = 0 ,
and is normalized such that T ·T = 1. To find its explicit form it is useful to consider first the spin
1 case, for which
T a(z1, z3, z7) =
(
z17z37
z13
) 1
2
(
za1
z17
− z
a
3
z37
)
.
It is also useful to define a symmetric rank two tensor
Gab(z1, z3, z7) = η
ab +
za1z
b
7 + z
b
1z
a
7
z17
+
za3z
b
7 + z
b
3z
a
7
z37
,
of weight zero and satisfying
z7aG
ab = 0 , ηabG
ab = Gaa = 2 .
The tensor G acts on T just as the metric η, since
Gab Tb = T
a , Gab TaTb = 1 .
We may now define the tensor structure T for arbitrary spin n. It is given by
T a1···an(z1, z3, z7) = T a1T a2 · · ·T an − traces computed with G .
In particular, for n = 2 and n = 3 we have
T a1a2 = T a1T a2 − 1
2
Ga1a2 ,
T a1a2a3 = T a1T a2T a3 − 1
4
(T a1Ga2a3 + T a2Ga1a3 + T a3Ga1a2) ,
and so on.
The tensor functions Eν obey the important orthogonality condition (45). In the main text we
postponed to this appendix the description of the tensors U and V that appear in this condition.
The tensor U is simply constructed from the embedding metric
Ua1···anb1···bn =
1
2n
(
ηa1(b1 η|a2|b2 · · · η|an| bn)−
ai traces and bj traces both computed with η
)
.
In particular, for n = 1 and n = 2 we have
Uab =
1
2
ηab ,
Ua1a2b1b2 =
1
4
(
ηa1(b1 η|a2| b2) − 1
2
ηa1a2ηb1b2
)
,
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and so on. To define the tensor V it is convenient to define first a new symmetric rank two tensor
Hab = ηab − z
a
7z
b
5 + z
b
7z
a
5
z5 · z7
of weight zero and satisfying
z5aH
ab = 0 , z7aH
ab = 0 .
It is important that
ηabH
ab = Haa = 2 , HabH
bc = H ca = ηabH
bc .
We can now define the tensor V by
V a1···anb1···bn(z5, z7) =
1
(−2)n
(
Ha1(b1H |a2|b2 · · ·H |an| bn)−
ai traces and bj traces both computed with H
)
.
In particular, for n = 1 and n = 2 we have
V ab = −1
2
Hab ,
V a1a2b1b2 =
1
4
(
Ha1(b1H |a2| b2) − 1
2
Ha1a2Hb1b2
)
, (101)
and so on.
C.1 Complex coordinates on R2 light-cone section
To make contact with the notation used by Lipatov in [32], let us consider as light-cone section a
Poincare´ patch and introduce complex coordinates z and z¯
za = (z+, z−, z, z¯) =
(
1, |z|2, z, z¯) .
The corresponding metric on R2 has non-vanishing component gzz¯ = gz¯z = 1/2.
Now we show that the tensor functions Eµ match those defined by Lipatov. First compute the
projection of the tensor T introduced above. It is simple to verify that the only non-vanishing
components of this tensor are
tz···z =
∂za17
∂z7
· · · ∂z
an
7
∂z7
Ta1···an = (t
z)n
and its complex conjugate. The component tz is given by
tz =
|z1 − z7||z3 − z7|
|z1 − z3|
(
z1 − z7
|z1 − z7|2 −
z3 − z7
|z3 − z7|2
)
.
This component is precisely the e function of Lipatov. Next we must project the symmetric rank
two tensor Gab at the point z7. The only non-vanishing component gives precisely the R2 metric
∂za7
∂z7
∂zb7
∂z¯7
Gab = gzz¯ .
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It is now simple to see that the only non-vanishing components of the projection of the tensor
functions Eµ are
ez···zν =
∂za17
∂z7
· · · ∂z
an
7
∂z7
Eν a1···an =
( |z1 − z7||z3 − z7|
|z1 − z3|
) 1+iν
2
(tz)n
and its complex conjugate. This expression coincides with that given by Lipatov for Eν , provided
one replaces in our expressions ν by 2ν.
Now we consider the projection of the tensors U and V , so we verify that the orthogonality
condition (45) reproduces that of [32]. First we note that the only non-vanishing components of the
projection of the tensor U are given by
uz···zz¯···z¯ =
∂za1
∂z
· · · ∂z
an
∂z
∂zb1
∂z¯
· · · ∂z
bn
∂z¯
Ua1···anb1···bn = 1 ,
together with its complex conjugate. Note that in this case the projection is independent of the
points zi. Next let us consider the projection of the tensor V . In this case we need to be careful in
projecting the symmetric rank two tensor H to different boundary points z5 and z7, or to the the
same boundary point, say z5. The projecting to the boundary points z5 and z7 has non-vanishing
components
hzz =
∂za5
∂z5
∂zb7
∂z7
Hab = −1
2
z¯5 − z¯7
z5 − z7 ,
and its complex conjugate. On the other hand, when projecting H to the same boundary point,
say to z5, one obtains the metric tensor on the transverse space. In particular,
∂za5
∂z5
∂zb5
∂z¯5
Hab = gzz¯ .
Using the above general expression for V we conclude that the only non-vanishing components are
vz···zz···z =
∂za15
∂z
· · · ∂z
an
5
∂z
∂zb17
∂z
· · · ∂z
bn
7
∂z
Va1···anb1···bn =
(
z5 − z7
z¯5 − z¯7
)n
,
and its complex conjugate.
D Spin 2 conformal integral
The purpose of this appendix is to determine the conformal integral
Imna1a2(x, z7) =
∫
R2
dz5 Π
mnb1b2−ν (x, z5)
V a1a2b1b2 (z5, z7)
(−2z5 · z7)1+iν , (102)
where V is given in (101) and Π is the spin 2 bulk to boundary propagator given in (50). The
properties of the integrand guarantee that Imna1a2(x, z7) is traceless and symmetric in both pairs
of indices mn and a1a2. Moreover, it obeys the transversality conditions
xmI
mna1a2(x, z7) = z5 a1I
mna1a2(x, z7) = 0
and is a homogeneous function of weight 0 and 1 + iν in x and z7, respectively. These features
imply that
Imna1a2(x, z7) = ι(ν)Π
mna1a2
ν (x, z7) + Σ
mn(a1z
a2)
7 ,
54
for some function Σ. We are not interested in the function Σ because it does not contribute to the
contraction Imna1a2(x, z7)I
m¯n¯
a1a2(x¯, z7) that we need in section 4.4.
To determine the function ι(ν) we contract equation (102) with ηma1ηna2 . The left hand side
gives
2ι(ν)
( |x|
−2x · z7
)1+iν
,
because the Σ term drops out due to the orthogonality Σmnaz7m = 0. Using the contraction
pia1a2b1b2(x, z5)Vb1b2a1a2(z5, z7) = 1 .
the right hand side becomes∫
R2
dz5
|x|1−iν
(−2x · z5)1−iν(−2z5 · z7)1+iν =
ipi
ν
( |x|
−2x · z7
)1+iν
,
where the last integral was computed in appendix A.2 of [31]. We conclude that
ι(ν) =
ipi
2ν
.
E Diagrams in figures 7b and 7c
In this appendix we complete the computation of the impact factors for a Weyl fermion and a
complex scalar presented in sections 5.1 and 5.3. We shall compute the contribution of the diagrams
in figures 7b and 7c, which give the extra delta function terms in (82) and (89).
E.1 Weyl fermion
We consider first the contribution of the diagram in figure 7b to the impact factor (73) and set
σ3 = w
+
3 > σ1 = w
+
1 > 0, so that both points are in the patch P1. We may also set x = x1 and
x3 = 0. The four-point function in (73) is given by
〈jm(x)jn(0)gA−(w1)gB−(w3)〉 = −c2
(
− 1
g2YM
)2
TAij T
B
jkδki
Tr
{
γm 〈ψ(x) ψ¯(w1)〉 γ− 〈ψ(w1) ψ¯(w3)〉 γ− 〈ψ(w3) ψ¯(0)〉 γn 〈ψ(0) ψ¯(x)〉
}
,
where the trace in this expression acts on the Dirac indices and all the color dependence is included
in the factor TAij T
B
jk δki = C(R) δ
AB. Dropping the color delta function δAB, already included in
the BFKL propagator, the contribution of the diagram in figure 7b to the impact factor is
− c
2
g4YM
C(R)
(
g2YM
4pi2
)4 (−x2)3 (z13)2 σ21σ23 ∫ dλ1dλ3
Tr
{
γm /∂x
1
(x− w1)2 + i γ−
/∂w1
1
(w1 − w3)2 + i
γ− /∂w3
1
(w3)2 − iw3
γn
(−/∂x) 1x2 − ix 1− γ˜2
}
,
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where we recall that the wi are parametrized as in (74). We focus on the integration of the second
and third line of the previous equation
σ21σ
2
3
∫
dλ1dλ3
−2(x− w1)a(
(x− w1)2 + i
)2 −2(w1 − w3)b(
(w1 − w3)2 + i
)2 −2wc3(
(w3)2 − iw3
)2
2xd(
x2 − ix
)2 Tr{γmγaγ−γbγ−γcγnγd 1− γ˜2
}
. (103)
These integrals have poles at
λ1 ' −2x · z1 + i ,
λ3 = −iw3 = −i ,
λ1 ' λ3 − σ1σ3(−2z1 · z3)
σ3 − σ1 − i ,
where we set w3 =  because at λ3 = 0 we have w
−
3 = w
2
3⊥/w
+ > 0 and therefore w03 > 0.
Deforming the λ1 integral in the upper half plane and the λ3 integral in the lower half plane, the
first line of (103) becomes
−32pi2σ1σ3 ∂λ1∂λ3
(x− σ1z1 − λ1n)a(σ1z1 + λ1n− σ3z3 − λ3n)b(σ3z3 + λ3n)c(
(x− σ1z1 − λ1n)2
)2 ,
computed at λ1 = −2x · z1 and λ3 = 0. We can drop the derivative of the three terms in the
numerator because these are contracted with the γ matrices in (103): the first and third terms do
not contribute because (γ−)2 = 0 and the second term because we must have b = +. We may then
replace the previous equation by
−192pi2 z
a
1z
c
3
(−2x · z1)3
α3
(−2z1 · z3 + α)4
,
where
α =
σ3 − σ1
σ3σ1
(−2x · z1) > 0 .
and we recall that −2z1 · z3 = (z1⊥ − z3⊥)2. Using the representation of the delta function
lim
α→0
αn(
(z1⊥ − z3⊥)2 + α
)n+1 = pin δ(2) (z1⊥ − z3⊥) , (104)
we conclude that, in the Regge limit of small x, we can replace the first line of (103) with
−64pi3 z
a
1z
c
1
(−2x · z1)3 δ
(2) (z1⊥ − z3⊥) ,
and set b = +. Equation (103) becomes then
−64pi3 z
a
1z
c
1
(−2x · z1)3 δ
(2) (z1⊥ − z3⊥) 2x
d
x4
Tr
{
γmγa(−γ−)γcγnγd 1− γ˜
2
}
.
Defining the radial delta function
δ(2)(z⊥) =
1
pi
δ(z2⊥) ,
∫ ∞
0
d(z2⊥)δ(z
2
⊥) = 1 ,
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a simple computation shows that (103) is given by
−128pi2 δ(u)−x2(−2x · z1)4
(
ηmn + 2
z1mxn + z1nxm
(−2x · z1)
)
.
We can repeat the same computation but with σ1 = w
+
1 > σ3 = w
+
3 > 0. In this case the
pole structure is such that one obtains a vanishing result, so that the diagram in figure 7b orders
the interaction points in light-cone time. If one of the interaction points, or both, are in the other
Poincare´ patch P3, the non-vanishing contributions are given by the same result, still ordered in
light-cone time. The other diagram in figure 7c gives exactly the same result but will the opposite
ordering in light-cone time. Thus, both diagrams in figures 7b and 7c contribute to the impact
factor with
k c2C(R)
g4YM
pi6
u2δ(u)
2
(
Imn1 + Imn3
)
.
E.2 Complex scalar
We start again with the diagram in figure 7b and consider the case with w+1 > 0 and w
+
3 > 0, so
that both points are in the patch P1. A simple computation gives
〈jm(x1)jn(x3)gA−(w1)gA−(w3)〉 = −c2
(
− i
g2YM
)2
TAij T
B
jkδki
〈Z(x1)Z¯(w1)〉←→∂w−1 〈Z(w1)Z¯(w3)〉
←→
∂w−3
〈Z(w3)Z¯(x3)〉(−←→∂xm1 )
←→
∂xn3 〈Z(x3)Z¯(x1)〉 ,
where the propagators have no color indices. The contribution of this diagram to the impact factor
is then
− c
2
g4YM
C(R)
(
g2YM
4pi2
)4 (−x2)3 (z13)2 σ21σ23 ∫ dλ1dλ3(
1
(x1 − w1)2 + i
←→
∂w−1
1
(w1 − w3)2 + i
←→
∂w−3
1
(w3 − x3)2 − iw3−x3
)
(105)
←→
∂xm1
←→
∂xn3
1
(x1 − x3)2 − ix1−x3
,
Now we focus on the integral of the second line of this equation
σ21σ
2
3
∫
dλ1λ3
1
(x1 − w1)2 + i
←→
∂w−1
1
(w1 − w3)2 + i
←→
∂w−3
1
(w3 − x3)2 − iw3−x3
.
The poles are located at
λ1 ' −2x1 · z1 + i ,
λ3 ' −2x3 · z3 − iw3 = −2x3 · z3 − i ,
λ1 ' λ3 − σ1σ3(−2z1 · z3)
σ3 − σ1 − i ,
where at the second pole w1−x3 = . Deforming the λ1 integral in the upper half plane and the
λ3 integral in the lower half plane, and using the representation of the delta function (104), in the
Regge limit the previous integral is given by
16pi3δ(2) (z1⊥ − z3⊥) 1
(−2(x1 − x3) · z1)2 .
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Setting x ≈ x1 − x3, a simple computation shows that (105) is given by
k c2C(R)
g4YM
pi6
u2δ(u)
2
(
1
4
Imn1 − Imn2 +
3
2
Imn3 − 3 Imn4
)
.
As for the fermionic field, after considering the other possibilities for the signs of σ1 and σ3, as well
as their ordering, we conclude the previous result gives the contribution of diagrams in figures 7b
and 7c to the impact factor of a complex scalar field.
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